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(��½µ�¾¿�HÀÁÂ=·	¸µ¹º»�³´���À�¹
�	�R�\]Ã�Ä��ÅY4ÆÇÂ=·	���ÈÈ¹ÉÊ e�

�������� Ã�ËPtÌ��� 100%�lmvwÍÂ

1. e���ÎÏÐ�S������������Ñ�

2. e���	ÒÏÐ�S������������Ñ�

3. e����ÏÐnS������������Ñ�

4. ����Ó"n →∞���oÔÕÖ���������Ñ�

1 ���������
7¯8�×%1Ø��ÙÚ�\]Û�Ü�8Ý�ÞßØ�@à&

�áâ2ãäåæçèÂ78ßé¯8ßIMg��êë²�{ì¿
í�îïðnñSò�³´¯83³´782½&óô®��� e�F
³���=õ®7¯8M�ö÷�øù�

\]�¶æú�Wû�üýÛþ�eüÿ� r,Cý¯ Ü�PQ
R��%_�X����2\]��8Ý�PQ����9�����
���	
 �ºÂ����æ���Üæ���º5�+�üý:
�=	æ���C����ÿ������ý2=>b½ÊÊÃæ�
���ÿ��C���������ý�CS���º ��Â�
�ÿ�����5��Ã������º��� �x-!5+�":�
�#�������ÿ�C$:�#� y =

√
r2 − x2rí�%
 [−r, r]

5�&'�º®M(%
��;µ�\]ÃC8)AO��%
2*(
\]+,-8�U�n-8.¦��/0=18)#2�+æ 

−r = x0 , x1, x2 , . . . , xn = r2
1������������	
������
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3Ð��=18)#��  

xi = −r + i · 2r

n
, i = 0, 1, 2, . . . , n�

½n45Ê�(æ�ÿ�Ö6�7%
 [xi−1, xi]�89�%:;<A�
=>�?'%:�5@���A�=1=>�?'%:�������
ý���
�B�CC���D�EF�G i	EF�!ÿ����
�xi#ÿ��#�H

√
r2 − x2

i =

√
r2 −

(
−r + i · 2r

n

)2

�

IJ G i	7%
 [xi−1, xi]�>�Mxi =
2r

n
2K�G i	EF�ý¯ 

π

(√
r2 − x2

i

)2

Mxi = π




√
r2 −

(
−r + i · 2r

n

)2



2

· 2r

n
(1)

�F��@A

8π r3

n

(
i

n
− i2

n2

)
(2)

Ã�M=1ý¯4Lþ���üýý¯�5MH23NB(���\
]MÂ

lim
n→∞

n∑
i=1

π(r2 − x2
i )Mxi = lim

n→∞

n∑
i=1

8πr3

n

(
i

n
− i2

n2

)

O�PQ�
n∑

i=1

i = 1 + 2 + 3 + · · ·+ n =
n(n + 1)

2
, (3)

n∑
i=1

i2 = 12 + 22 + 32 + · · ·+ n2 =
n(n + 1)(2n + 1)

6
; (4)
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K+�

lim
n→∞

n∑
i=1

8πr3

n

(
i

n
− i2

n2

)
= 8πr3 lim

n→∞

{
1

n2

n∑
i=1

i− 1

n3

n∑
i=1

i2

}

= 8πr3 lim
n→∞

{
n(n + 1)

2n2
− n(n + 1)(2n + 1)

6n3

}

= 8πr3 lim
n→∞

{
n + 1

2n
− (n + 1)(2n + 1)

6n2

}

= 8πr3 lim
n→∞

{
1 + 1

n

2
− (1 + 1

n
)(2 + 1

n
)

6

}

= 8πr3

(
1

2
− 2

6

)

= 8πr3 · 1

6

=
4

3
πr3 ,

=:�üÿ� r�üý�ý¯�

�������� RÈSÃ (1)Q�F���È�@A (2)Q�

�������� RÁH��� (3)QT (4)Q�

2 �����	
��
UV�Ö5º�Ðüýý¯�ÆÇW�ãäMÂ

• �X FÂ����	
 �º2CS���º ���

• 8+Y�ÂZ[Ã��	
BCFD���A8) n-8��6
�7%
8Ý�*�Ð�®\�]�¼^���½HU�_�	

�>`'%:�e�>Þ'ab2��U�å�	
c�$ý
@AC��D�
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• 2dQefQÂK�Ð��Dý¯dgMPQ�Ã6�C��D
ý¯Ð��34L=1C��Dý¯��üýý¯�5MH�

• NB(�hijÂÄ�3NB(���*�kl�

¶8)%
 [a, b] n-m��/0=18)#2�+æ 

a = x0, x1, x2, . . . , xn = b ;

Z[�G i	7%
Nnop#�#�Hq5G i	7%
 [xi−1, xi]>�
f(xi)Mxi ; Ä�4L�M=1q¯��r�st�2

n∑
i=1

f(xi)Mxi ;

3NB(�Â
lim

n→∞

n∑
i=1

f(xi)Mxi�

=u	W�:�#�π(r2− x2)�%
 [−r, r]5�r¯8��Övwxy
z�Â ∫ r

−r

π(r2 − x2) dx

O�õ�U�%
8)ª*-8�\]*��8)�=2 
{�|��\]$}~�7%
�>�����;�O�ý��ß�
ÖÂ�P = P([a, b]) �12�+æ�%
 [a, b]8)#

a = x0 , x1 , x2 , . . . , xn = b

�A���,�Mxi  G i	7%
 [xi−1, xi]�>��\]rí8)P�
æ� |P| 

|P| = max{Mx1, Mx2, Mx3, · · · , Mxn}�
2������������������� !"#$%&'()*�+,-"

./01&23����4
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��Þº��G i	7%
 [xi−1, xi]Nnop#�#�H-;�� C
&�Ü�#x∗i ∈ [xi−1, xi]�#�H�K�\]MO�õ��rí�ÖÂ

���� � f : [a, b] → R �#��eÖvB(H

lim
|P|→0

n∑
i=1

f(x∗i )∆xi

t��\]:U#� f�%
 [a, b]5�;¯8���Ã�B(H/� 
#� f�%
 [a, b]5�r¯8,�wx

∫ b

a

f(x) dx �
∫ b

a

f �
∫

[a,b]

f

yz�3�
�52�Ðü�ý¯��9\]�Ìr¯8��±�M@M#�

��;µ���\]U�#� f�%
 [a, b]5st��B(H

lim
|P|→0

n∑
i=1

f(x∗i )∆xi�

ef(x) ≥ 0 , x ∈ [a, b]���#�&'���x-!�5Þ2K+� [a, b]%

�&'ÖÞ[x-!ã�[�º%:R� “LQ_í ”�\]M

• ��8Ýst��3<��=:��º%:Rº¯�5MH2

• ½HNB( |P| → 0���A����º%:R�º¯�

K�ef : [a, b] ⊆ R→ R+ ∪ {0}�Jr¯8
∫ b

a

f(x) dx�HC$:�#�

&' y = f(x)ÖÞ�%
 [a, b]5�%:R�º¯2=:�r¯8��Ü
Óí�K+æ�m³´r¯8�À¶º¯ÁèÛþ�$�� ��\

3567"x&23��8��9:;8�<=> ?@A!56�B t, wCCDE
2=F��GHI

∫ b

a

f(x) dx =
∫ b

a

f(t) dt =
∫ b

a

f(w) dw4
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]��¶ý¯ÁèÛþ�ç*�]�æúÂr¯8$�_�	
�º
%:�º¯�5��-;�[å�	
|ý%:�ý¯Mc�2$i5
[��	
���A>���T��	
�%
 [a, b]5�M#�#�H
���H-Mc�� (=:�r¯8ÄÙ��·)./Â���#H�
���>��_�eº¯�å�Ðý¯ )

�������� ��rí�UkÖv ÁèÂ

1. e c (��Ç¿
∫ b

a

c dx = c(b− a)�K+(�#��;¯8��

2. Ã [0, 1]8)An-8�6�	7%
Nnop#2R�ÐÖvr
¯8�HÂ ∫ 1

0

x dx ,

∫ 1

0

x2 dx ,

∫ 1

0

x3 dx .

3. Ã [0, 1]8)An-8�6�	7%
Nnop#2RÁ½H�Ð
r¯8

∫ 1

0

√
x dx�c�ÀM����¡3
�

�������� ��r¯8��ÜÓí�R�ÐÖvr¯8�HÂ
∫ 1

0

√
1− x2 dx ,

∫ 0

−2

√
4− x2 dx ,

∫ 3

−3

√
9− x2 dx .

3 ����
��\]�¶¯8��#�³´�����	'(¢���%(

��;XÀU£���\]À�+3¤3+å¤å+·�³´=	(
�2�I¥Ç¿=·	��¹�	��¦�\]§,�wx e1, e2, e3, e4

yz��
�a > 1��%
 [1, a]�¨©��#�

y =
1

x
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&'ÖÞ�ã��%:�ª+«ª��%:�º¯¬[ aH�æ+
æ�½=	%:®®.��	D¯º¯c��	°�� aH�\]§,
�wx e1yz�����U� e1:��	°��±�?r¯8

∫ e1

1

1

t
d t

�H 1²�
=�7�³´Tµ³´¦�µ5�p¶�·Á�	FD�N�Á

èÂ�� e1����Ñ
�

• ��½µ� e1¸rN 1æ2

• ��rí� e1-ÀN2æ2K �%
 [1, 2]��#� y =
1

x
&'Ö

Þ�ã�%:¹º�±Þ' [1, 2]× [0, 1]Íº�»+Q�

• µ+�e1N3æR�\]�Ã%
 [1, 3]8)A¼-m�C8)# 

{x0 =1 , x1 =
5

4
, x2 =

3

2
, x3 =

7

4
, x4 =2 , x5 =

9

4
, x6 =

5

2
, x7 =

11

4
, x8 =3}

�6	7%
 [xi−1, xi], i = 1, 2, 3, · · · , 8�¨©��#� y =
1

x
&

'ÖÞ�ã�%:�½Z>Þ'

[xi−1, xi]× [0, 1/xi] , i = 1, 2, 3, · · · , 8�

ª+«ª��%
 [1, 3]��#� y =
1

x
&'ÖÞ�ã�%:�º

¯æÊ=¼	½Z>Þ'º¯��

1

4

(
4

5
+

2

3
+

4

7
+

1

2
+

4

9
+

2

5
+

4

11
+

1

3

)
=

28271

27720
> 12

��;�Èr�� 2 < e1 < 3�
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�������� RÃ5º]��½Z>Þ'%:��¾��

�������� ¿�¾ÀÁ�RÁH;ÂÃÐ e1æÊ 2.8�

4 ����
Z[\]¶78��#3<���Â�Ä"�#�Å

{fa : x 7→ ax | a ≥ 1 }

�&'�6�	"�#� fa�&'�gW# (0, 1)���\]��ÆÇ
�Ö�<<�Ü�ÐgW# (0, 1)�È�É�
�$$�# (0, 1)½µ�
ß�ÐÈ�É��·H>Q�È�IÀgW��#2��\]�#�
y = ax�&'5�Ê�# (h, ah)�µ��g�_# (0, 1)� (h, ah)�)
�É� ah − 1

h
;3NB(Ë)�@AÈ�Ì

lim
h→0

ah − 1

h
,

�gW# (0, 1)�È�É��ª+«ª�gW�#�È�4�É��$
��� [0,∞)�
M[�®��®.c�t�2C&�?gW# (0, 1)

�È�É�5 1��	°�±� a�\]§,�wx e2yz�2-:�
U� e2:�Í�Öv-Q

lim
h→0

ah − 1

h
= 1

��	°��!a�
�Î�ÏÐÑÒÓ (Douglas N. Arnold)Ô¦Õ	à¾�Q©HÖ×

�ýÀ=	��RØÙ6�ÚÛ�ÚÜ Â
http://www.math.psu.edu/dna/graphics.html#exponential

4JKLMNOPQRSMN
5KLMN�RSMN"L�N�<�TUV345◦"MN
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<Ý=Õ	à¾�\]O�Þß�µ5�àá�·¹�3ÊÃÐC
�H�Tµ���È�É�ÁèZ�9\]���	./B0��%�
±�/� 9��78�

¦º�r¯8�#���	%
uý�m �+|¦È�É�Jx
�#��â�#ã��m +d�\]�äÁè�õ��ÖÂ� c $
H$@�#� f�rí:�½#�½ c@ x�C®.�#�H¶ f(c)@
 f(x)2��\]MÕ	@��Â�	�#�H@��

Mf = f(x)− f(c) ,

��	�@�@��
Mx = x− c .

Ã�_@��bå���j�:��r�#�H���@��

Mf

Mx
=

f(x)− f(c)

x− c
2

NB(Mx → 0�x → c���:@A� c##�H�@��

lim
Mx→0

Mf

Mx
= lim

x→c

f(x)− f(c)

x− c
�

=#�H���@���T� c##�H�@����¹%æ&MC
 ;�çí�è�UÂ

• ��Ü%5�=8�:�)�É��TÈ�É�2

• �â�%5�=8�:���é��Têcé�62

• �gë%5�=8�:���A� (êÌ¤�ì · · · )�ToiA
� (êÌ¤�ì · · · )7�

6�W f(x)9SNXYZ[xW\"]^_�
7�W f(x)9	`x`a2bcd (ef�gh · · · )_�
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æíNB(x → c���K =	°±îM/¦���%ïMð*
ñò�ó�..�ä=°±Ø��ô2õör¯8�\]��ÔÖ78
�rí�

���� � c $H$@�#� frí:�½#�eÖvB(H

lim
Mx→0

Mf

Mx
= lim

x→c

f(x)− f(c)

x− c

t��\]:U#� f� c#�;78���Ã�B(H/� #� f

� c#�9�,�wx

f ′(c) � Df(c) � df

dx

∣∣∣∣
x=c

yz��
/=	wx�5º�³´�(� e2�;)÷�ÖÂÍ� f ′a(0) = 1�

�	°��±�a:�(� e2�

�������� ¨©øâ� y = x2�egW# (2, 4)�È�Þ�Q�

�������� ¨©"�#� fa(x) = ax , a > 02

1. Ç¿ f ′a(x) = axf ′a(0)2

2. K+\]M Dex
2 = ex

2�

5 ����
ZÖ��\]¶B(��#å<���ÂHedgÐ��¦ùú¦

�������� �G 4è�kl.û:�

lim
n→∞

P

(
1 +

1

n

)n

�

11



Pe/��üÌc���¦ùGåA�U� e���C$dgýz[Â
��� e:�!Ö�v�B(H

{(
1 +

1

n

)n}∞

n=1

�

þ<�Ö�5º��v.ÿ�À45Ê 1�K 1 +
1

n
→ 1+ 1��ÜS

Þ�� 1�µ+�Hx�<<=	�v�¦��:À�@�oM�+'
�Vß�,<Â

n = 1 :

(
1 +

1

1

)1

= 2.00

n = 2 :

(
1 +

1

2

)2

= 2.25

n = 3 :

(
1 +

1

3

)3

∼ 2.37

n = 4 :

(
1 +

1

4

)4

∼ 2.44

���©\]Ç¿=	�v Tn =

(
1 +

1

n

)n

����_�Qr���

\]Â
(

1 +
1

n

)n

=
n∑

j=0

(
n

j

) (
1

n

)j

=
n∑

j=0

(
n

j

)
1

nj
�����Ô��

1 + 1 +
n(n− 1)

2 !
· 1

n2
+

n(n− 1)(n− 2)

3 !
· 1

n3

+ · · ·+ n(n− 1) · · · (n− (n− 1))

n !
· 1

nn
2

Ã6�	8Q&�n����ÔAÖv'Q

Tn = 1 + 1 +
1

2 !

(
1− 1

n

)
+

1

3 !

(
1− 1

n

)(
1− 2

n

)

+ · · ·+ 1

n !

(
1− 1

n

)(
1− 2

n

)
· · ·

(
1− n− 1

n

)
�

12



���Ö��:�

Tn+1 = 1 + 1 +
1

2 !

(
1− 1

n + 1

)
+

1

3 !

(
1− 1

n + 1

)(
1− 2

n + 1

)

+ · · ·+ 1

n !

(
1− 1

n + 1

)(
1− 2

n + 1

)
· · ·

(
1− n− 1

n + 1

)

+
1

(n + 1) !

(
1− 1

n + 1

)(
1− 2

n + 1

)
· · ·

(
1− n

n + 1

)
�

�5Õ	ñ{Q&Â Tnã8Mn + 1��+Tn+1Jã8Mn + 2�2î
òN������Tn&�6���æÊ���Tn+1&�6�	®.
��+,Tn+1I���Ä���±�2��\]M

Tn ≤ Tn+1�

=:Ç¿¦�vTn����K+CB(H�®;XÀ� 1�Áè�
=	B(H;;X��(æ
�$i5�®�M�;µ�n�3Ç
¿�vTn�M	�2O¿È�U�\]ðrM

Tn =

(
1 +

1

n

)n

< 3 �

�-Q�Ç¿�;5º�v Tn�ñ{QÂC&�ä
&�6�	
� 1− i

n
�N 1� (1 ≤ i ≤ n− 1)�K��

Tn = 1 + 1 +
1

2 !

(
1− 1

n

)
+ · · ·+ 1

n !

(
1− 1

n

)(
1− 2

n

)
· · ·

(
1− n− 1

n

)

< 1 + 1 +
1

2 !
+

1

3 !
+ · · · · · · ·+ 1

n !

< 1 + 1 +
1

2
+

(
1

2

)2

+ · · ·+
(

1

2

)n−1

< 1 +
∞∑

j=0

(
1

2

)j

= 1 + 1/(1− 1/2)

= 3

13



�|¦ ��\]dgÇ¿¦�vTn��>M5	���µ��
]z\]�=�7��v.ûÀ45Êâ	�r�$�2�����=
S�µ�Ê��¦2=:��r�D�êër� (Monotone Convergence

Theorem,;<A$�Ý�²��	�� )�\]§,�wx e3�yz=
	B(H�+/Oæ�nÐ��Tn�H�½µ:� e3O.�5MH2,
<Öº���Â

n = 10 :

(
1 +

1

10

)10

∼ 2.59374

n = 1000 :

(
1 +

1

1000

)1000

∼ 2.71692

n = 100000 :

(
1 +

1

100000

)100000

∼ 2.71827

n = 10000000 :

(
1 +

1

10000000

)10000000

∼ 2.71828169

���=	��vêë�'(�2½nN���c���È���#
�G�¯�µ+[¦ºÕ	N��>�.�N�

5ºÆÇ�v Tn =

(
1 +

1

n

)n

�M5	�W���¿ª�8AÕ

A2+,- M�/�U¿�Ö (� Sn =
n∑

k=0

1

k !
)Â

• 5ÿAU

Tn <
1

0 !
+

1

1 !
+

1

2 !
+

1

3 !
+ · · ·+ 1

n !
= Sn ,

NB(n →∞�

e3 = lim
n→∞

Tn ≤ lim
n→∞

Sn =
∞∑

n=0

1

n !
�

14



• ÖÿAU Sn < 3���±���g�
∞∑

n=0

1

n !

��8��v {Sn}�M	��K+D�êër���\]=	�
8��v{Sn}�êë�2-:�U���g�

∞∑
n=0

1

n !
��t��

µ+�=	êë���g�����-Ê�Ñ
�|¦xQ��
ÊB(H e3 ,-:�U

∞∑
n=0

1

n !
≥ e3 = lim

n→∞

(
1 +

1

n

)n

(5)

�������� 5º (5)QÕo��g���B(HÀÀb-
�

6 ����
Ä��\]¶g���#·<���Â\]/wx e4yzÖv��

g���
∞∑

n=0

1

n !
=

1

0 !
+

1

1 !
+

1

2 !
+

1

3 !
+ · · · �

5º\]dgÇ¿¦-Q (5)���

e4 =
∞∑

n=0

1

n !
≥ e3 (6)

��U�ÆÇ�v Tn =

(
1 +

1

n

)n

�M5	�W��G�	-Q

Tn = 1 + 1 +
1

2 !

(
1− 1

n

)
+ · · ·+ 1

n !

(
1− 1

n

) (
1− 2

n

)
· · ·

(
1− n− 1

n

)
�
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en ≥ m ,J5Qn�Gm� 

1

m !

(
1− 1

n

)(
1− 2

n

)
· · ·

(
1− m− 1

n

)
;

K+\]M

Tn ≥ 1 + 1 +
1

2 !

(
1− 1

n

)
+ · · ·+ 1

m !

(
1− 1

n

)
· · ·

(
1− m− 1

n

)
�

�rm�µ�NB(n →∞�

e3 ≥ 1 + 1 +
1

2 !
+

1

3 !
+ · · ·+ 1

m !
=

m∑

k=0

1

k !
= Sm2

�Z[�3NB(m →∞\]M

e3 ≥ lim
m→∞

m∑

k=0

1

k !
=

∞∑
n=0

1

n !
= e42

�-Q (6)�ý��� e4 = e32-:�

∞∑
n=0

1

n !
= lim

n→∞

(
1 +

1

n

)n

(7)

5º\]dgQ��v
(

1 +
1

n

)n

'(���45CB(H e3��

���=	g�yzß>�Ü
�,<Â

n = 10 : S10 =
10∑

k=0

1

k !
∼ 2.71828 18011 46384 47972

n = 22 : S22 =
22∑

k=0

1

k !
∼ 2.71828 18284 59045 23536 0247

½n = 10�g�yzß;�È���#�G ¯¤+n = 22�Z;�È
���#�G 22¯�=!NB(yzß.�+,.�î�¦2K B
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(yzß&�næ��"c�UrI�ß�È���#�G ¯��
�Õ²�
��#�¡�;��$��

$i5�ÃÐGn��8� Sn =
n∑

k=0

1

k !
�g�� e4�
��# ,�

'(%«��,<Öº�-QÂ

e4 − Sn =
∞∑

k=n+1

1

k !
≤ 1

(n + 1) !

(
1 +

1

n + 1
+

1

(n + 1)2
+ · · ·

)
=

1

n ! · n

��\]M
e4 − S10 <

1

10 ! · 10
< 10−7 ,

�T
e4 − S22 <

1

22 ! · 22
< 10−22 ;

�5º��Ð�ªz�\]¢¦��

7 ��������
�5�\]®����F³:.Nü[�%_&¦�'7¯8w(

�)2½&ª*+,Oª)-�./�=C$��'�����!
��&0øù7¯8Äö÷�1º����\]:�¶O2Ì�1�3
¨Â ��8{ �4%¯8%�78%
�+5*ÃÕ²6��
þ�/�7¯8%
�\]�U� ;�7}�<<�ÂX8��##
}9�p:��

Ðý¯��´ß8+Y�2�Ð5MHâ#��â%
�st
��NB(���e�=:�#��%
5�r¯8�Z[ “LQ_
í ”�½#� ±Hc�st��B(HM�ÜÓíÂ=	r¯8:�
#�&'ÖÞ�%
5�ã�%:�º¯���Þº�Ð#�&'gW
â#�È�É�2\]�Ð�C6#����)��É��½6#45
â#c�)�É��B(H:��â#�78���È��É�-�
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�ªµ��¯8�#���	%
uý�m �+È�É�Jx�
#��â�#ã��m +d���Öµ5�;H�¶uý�ã�4
N�¤8Ý���¶�ÜÓí4<=¤3¨2¯8�78=Õ	�±�
>>!!¤�����§?@bT��A��BC��8¤DE¢
F��Â=Õ	�±$$Mc�+,c�'('(�GÈ�H��
»�IóC
c��ßJ¤PQ���½µ:/� 

J7¯8Ù�r�K�

!Ö/Õo¹�ÞQ�y{Õ²�
�c��CÇ¿Mó�^Â

• L78'QMe f : [a, b] ⊂ R→ R ���#��J#�

F (x) =

∫ x

a

f(t) dt, x ∈ [a, b]

�6�	x ∈ (a, b)��;78��+,

F ′(x) = f(x)�

���U�e f�¯8�F�JF�78:� f�NO�U�P.
uý²Q�¯8�2P.ã�²Q�78�^r�

• L¯8'QMeF� [a, b]5�;78��+,F ′(x) = f(x) [a, b]

5���#��J
∫ x

a

f(t) dt = F (x)− F (a)�

���U�eF�78� f�J f�¯8:�F (���	(� )�
NO�U�P.ã�²Q�78�2P.uý²Q�¯8�^
r�

K�¯8%®R78%�Ü²��
�*(�NS�TÞLM�Þ
���TÞ�U2|¦�ÔÕM@�����OVÈ�UÐ�WX
Y����!���7¯8
�
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• ;�Èr½µ� “Z[\ ”�-�]º5�<��

“7¯8 =78⊕¯8”

• B�
7¯8 =78⊕¯8⊕7¯8Ù�r��

8 ������ e

Ä��\]U��{^�_Ò*¼k�ÁèÂ5º·	¸µ¹º
»�³´��� ��À�¹�	�
�=Óç[ÂH;�`/C&�
Ü�	½A��� e�rí�µ�Ç¿C6å	�-Ê=	��-:�
2rí�����å	²Q�*(�a×7¯8�¶bc� e2 rí2
nñ�d�æ�8`/ e1 rí�+C6'�a×7¯8�Je»`/
e3 rí2C&�f2�æ°��v~B�ÖµN�$i¤%«�¼+
,îgc
�:;��9��	hi�N��������PQ�

Öº\]`/G_	� e2 ����rí��� e2:�Í�Öº-
Q��	°�±�Â

lim
h→0

eh
2 − 1

h
= 1 (8)

µ�Ç¿G�	� e1À-Ê e22Z[Ç¿

e3 = lim
n→∞

(
1 +

1

n

)n

= e2 ,

K+ (7)Q��\]

e4 =
∞∑

n=0

1

n !
= lim

n→∞

(
1 +

1

n

)n

= e2�

=:Ç¿¦�5·	�B�b¹�(����ä·	Ö ¼å���
�·�¹ÉÊ e���½µ�\]:/��jk�G�	]l e�yz
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=	b¹��Â
e1 = e2 = e3 = e4 = e ,

,/0�� ����
!Ö�\]:ö[�mr.�no��m�\]À/�5÷7¯8

Ù�r��¯8'Q¤9���pßJ¤q#� xa9��PQ�TÖ
÷_r� (�M=1r�¤ßJ¤PQ�CÇ¿rMó�^ )Â
(D1) e9��â%
 ±�J#���%
 ��
(D2) ;78� 1-1#��CP#�-�;78� 1-1#��

1. �Ç¿ e1 = e2Â¨©� e2 !�"�#�E(x) = ex
2���rí e2

� (8)Q�\]M

E ′(x) === lim
h→0

E(x + h)− E(x)

h

=== lim
h→0

ex+h
2 − ex

2

h

���
=== lim

h→0

ex
2e

h
2 − ex

2

h

=== ex
2 · lim

h→0

eh
2 − 1

h
(8)

=== ex
2 · 1 = E(x) > 0 ;

���
E ′(x) = E(x) ∀x ∈ (−∞,∞) (9)

�� (D1)��\]�E�%
 (−∞,∞) ��K+� 1-1#��
K�CP#�F = E−1B�rí�±$�5�$H#�

F : (0,∞) −→ (−∞,∞) ,

x 7−→ y = F (x)
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F (x) = y ⇐⇒ E(y) = x ∀x ∈ (0,∞) ∀y ∈ (−∞,∞) (10)

»�sH
E(0) = e0

2 = 1 ⇐⇒ F (1) = 0 (11)

E(1) = e1
2 = e2 ⇐⇒ F (e2) = 1 (12)

�Tt-Q
E(F (x)) = x ∀x > 0 (13)

CS(D2)��\]�F�%
(0,∞)�;78�1-1#��¶(13)Q
Õo®x78��pßJ�

E ′(F (x))F ′(x) = 1
(9)

=⇒ E(F (x))F ′(x) = 1
(13)
=⇒ xF ′(x) = 1 ∀x > 0�

K��
F ′(x) =

1

x
∀x > 0 (14)

K f(x) =
1

x
= F ′(x)� [1,∞)5���#��`/L¯8'QM

���7¯8Ù�r�Q
∫ x

1

1

t
dt = F (x)− F (1)

(11)
=== F (x) (15)

��� (15)&ÃxaÌ e1c�\]M

F (e1) =

∫ e1

1

1

t
dt

e1���==== 1
(12)

=== F (e2) ;

KF� 1-1�»Ç e1 = e2�
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2. Ä�\]Ç¿ lim
n→∞

(
1 +

1

n

)n

= e2�K 5÷P#�F:�®�#

��½µÍ�Öº�®�GåuÂ®�Ü(�a�\]M

F (xa) = aF (x) ∀x > 0 (16)

� h =
1

n
�\]M

lim
n→∞

(
1 +

1

n

)n

=== lim
h→0

(1 + h)
1
h

(13)
=== lim

h→0
E(F ((1 + h)

1
h ))

(16)
=== lim

h→0
E(

1

h
F (1 + h))

���
=== E(lim

h→0

F (1 + h)

h
)

(11)
=== E(lim

h→0

F (1 + h)− F (1)

h
)

	���
=== E(F ′(1))
(14)

=== E(1)

=== e2

LÏ�5�U���� e�·	º»B7¯8��	v2$I
óu�7¯8%�¶¯8�78¤¶B(�g�2>[\]6�	B�
^(_`�aabc¤wnx¤�¬'�ïayB®z7{|UÂ

JÜ;�^��}�K2

�a�%úº®��� e~Ô���UÂ

JÜ;�^��}�K�

,©\]�õ�����Ê�������ÔÖ®��� e�{|Â

J;?����;�� e����B��� e�B��K
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