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1 �����n!�nn+te−n���	
��

(a) YZ[1?I\]3 n! en

nn+t
�^:_`S[n, t]ab6�

In[1]:= S[n_,t_]:= n!E^n/n^(n+t)

(b) ZcM.%45 0( 167�MI t��dEF�e�nIfS[n, t]

�gh��ni�i��S[n, t])JK��5L%M/O����
j.%klmno� tIp) 0( 1�qrI 0.5�fs��nIt
uvS[n, 0.5]6I�

In[2]:= Table[{n,S[n,0.5]},{n,100,1000,100}]//MatrixForm

(c) w3��BmEF�)�n��5����S[n, 0.5]�xyI�B
Cz{z#�.%|}):~/���2=�t�vS[n, 0.5]��
��n ∈ [1, 100000]�

In[3]:= Plot[S[x,0.5],{x,1,10^5},

PlotStyle->RGBColor[0,1,0]]

(d) ���t��� t = 0.1, 0.2, 0.3, · · · , 0.9�f96/u

{S(n, t)}∞n=1
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� 1:~/S(x, 0.5)6�� (t = 0.5)

�xy�:au��bH�|����

In[4]:= Table[S[n,t],{t,0,1,0.1},{n,1200,1280,10}]

//N//ColumnForm

In[5]:= plob[t_]:=Plot[S[n,t],{n,1,10^5},

PlotStyle->RGBColor[1,0,0]]

Show[{plob[.1],plob[.2],plob[.3],plob[.4]}]

In[6]:= plor[t_]:=Plot[S[n,t],{n,1,10^5},

PlotStyle->RGBColor[0,0,1]]

Show[{plor[.6],plor[.7],plor[.8],plor[.9]}]

(e) �������e6 tIB�����

(f) �PEF^�����e6 tIB�����
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� 2:~/S(x, 0.1)6�� (t = 0.1)

� 3:~/S(x, 0.2)6�� (t = 0.2)

� 4:~/S(x, 0.3)6�� (t = 0.3)
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� 5:~/S(x, 0.4)6�� (t = 0.4)

� 6:~/S(x, 0.6)6�� (t = 0.6)

� 7:~/S(x, 0.7)6�� (t = 0.7)
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� 8:~/S(x, 0.8)6�� (t = 0.8)

� 9:~/S(x, 0.9)6�� (t = 0.9)

� 10:~/S(x, 0.1), · · · , S(x, 0.4)6��

6



� 11:~/S(x, 0.6), · · · , S(x, 0.9)6��

2 ����	��

������ (tEF� 1�� 9)����lCG��n�

(a) /u {S(n, 0.5)}∞n=13.������/u�BC���� ¡M
= (Monotone Convergence Theorem)���¢£	%/u)
 ¡��¤ s3�xy�� 1¥b s ≈ 2.5066 · · ·�	%xy¥��
�5¦§/ e�

(b) �� t < 0.5�¨/u {S(n, t)}∞n=1)��©����BC���ª
«¬	%/uK) ¡�� (tEF� 10)

(c) �� t > 0.5�¨/u {S(n, t)}∞n=1)���$�����.q®
�¯��¥��D)x-°� (tEF� 11)

�1���l�G��n±��:_` g(n) ∼ f(n)ab

lim
n→∞

g(n)

f(n)
= 1 �

�����f²³/n����n! ∼ s nn+0.5e−n�12 s3."/�
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w3Γ(n + 1) = n! C�Γ(x + 1) = xΓ(x)�BC��[�n.\]3

�����f²/x����Γ(x) ∼ sxx−0.5e−x�12 s3."/�

��	%�n)f��¤

µ(x) = log

(
Γ(x)

sxx−0.5e−x

)
,

¨Γ(x) = sxx−0.5e−xeµ(x)�BC	%�n´µ��¶·~/

f(x) = xx−0.5e−xeµ(x) � (1)

��B�¸�WX¹3�º»~/µ(x)�R� f¼½�M¾�¿À�Á
ÂÃ�µ(x)ÄªR f).%PG~/NÅ�Æ�

f(x + 1) = xf(x) ⇐⇒ 1 =
f(x + 1)

xf(x)

⇐⇒ 1 =
(x + 1)x+0.5e−x−1eµ(x+1)

xxx−0.5e−xeµ(x)

⇐⇒ eµ(x)−µ(x+1) =

(
1 +

1

x

)x+0.5

e−1

⇐⇒ µ(x)− µ(x + 1) = (x + 0.5) log

(
1 +

1

x

)
− 1 �

¤ g(x) = (x + 0.5) log
(
1 + 1

x

) − 1�BC f ).% PG~/�Çm¿À
3 µ(x) − µ(x + 1) = g(x)�ÁÂÃ� µ(x)Ä¼½	¿ÀNÅ�È��
µ(x) =

∞∑

k=0

g(x + k)D)�É.%�ÊËÌK«Í<�ÎÌÏÐ/� 

¡ÑÒÓ�¢£�Á��1�ÔNÅÕ©Ö×Ø�.%ÙÚÛÜÝÞ
.G�ß�àá-) ¡��{âÜã	Ã�µ)�)R� f¼½Ñä
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(P)NÅ��ZÆÆP<åÜ�Æ�

tn(x) =
f(n + x)

f(n)nx

=
(n + x)n+x−0.5e−n−xeµ(n+x)

nn−0.5e−neµ(n)nx

=
(
1 +

x

n

)n+x−0.5

e−xeµ(n+x)−µ(n) �

��¢£
lim

n→∞

(
1 +

x

n

)n+x−0.5

= ex �

BCæmªçè lim
n→∞

eµ(n+x)−µ(x) = 1�ãÂÑä (P)DéWX�
×���

µ(n+x)=
∞∑

k=0

g(n+x+k)=
∞∑

k=n

g(x+k), µ(n)=
∞∑

k=0

g(n+k)=
∞∑

k=n

g(k)

Ò)��ã%��Ð/�êë�BC�n��5�����	H%��
Ð/��ÒK��5 0�

ìí��îÚVï��ã%��Ð/∑∞
k=0 g(x + k)� ¡Ñ�YZ��

[ g]ðG����

g(x) =
1

2
(2x + 1) log

(
1 + 1

2x+1

1− 1
2x+1

)
− 1 � (2)
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¤ y = 1
2x+1
�¨ 0 < y < 1�1pw3x > 0�ñBò¢�

log(1 + y) = +y − y2

2
+

y3

3
− y4

4
+− · · ·

log(1− y) = −y − y2

2
− y3

3
− y4

4
−− · · ·

BC����G��óô
1

2
y−1 log

(
1 + y

1− y

)
= 1 +

y2

3
+

y4

5
+

y6

7
+ · · · �

îl��� (2)����l

g(x) =
1

3(2x + 1)2
+

1

5(2x + 1)4
+

1

7(2x + 1)6
+ · · ·

<
1

3(2x + 1)2

[
1 +

1

(2x + 1)2
+

1

(2x + 1)4
+ · · ·

]

=
1

3(2x + 1)2

1

1− ( 1
2x+1

)2

=
1

12x
− 1

12(x + 1)
�

w1����
n∑

k=0

g(x + k) <

n∑

k=0

(
1

12(x + k)
− 1

12(x + k + 1)

)

=
1

12x
− 1

12(x + n + 1)

<
1

12x
�

BC�����Ð/∑∞
k=0 g(x + k))²õÐ/�$��ö÷ø)��y

���ï)-) ¡��BC���l

lim
x→∞

µ(x) = 0 �� lim
x→∞

eµ(x) = 1 �
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�M¾&'�� f(x) = cΓ(x)�,ù]ðG

Γ(x) = sxx−0.5e−xeµ(x) ,

12 s = 1/c = 1/f(1)3."/�	Dçèú�n¾)f��1�.û
Bü�Stirling 1ý�w1��Dþ	%"/ sÿ63Stirling"/�

�d����[��B�l���:��ôStirling"/�������
�3	.���	���K:lΓ(1

2
) =

√
π�j (??)�C���
�

l���n! ∼ snn+0.5e−n��Æ�

Γ(
1

2
) = lim

n→∞
n0.5n!

1
2

3
2

5
2
· · · 2n+1

2

= lim
n→∞

22n+1(n!)2n0.5

(2n)!(2n + 1)

= lim
n→∞

22n+1s2n2n+1e−2nn0.5

s(2n)2n+0.5e−2n(2n + 1)

= lim
n→∞

s(2n)√
2(2n + 1)

�

BC����√
π = s/

√
2�w1��

s =
√

2π,

1��� James Stirling (1692–1770)���������	
�������
���������Abraham De Moivre (1667–1754)����
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