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��Γ(x)
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e−tdt�

∫∞
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0
t2e−tdt� · · ·��f�ghij����
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tne−tdt = n! �

"�n!�_`kljmn��opQd_`
∫∞

0
txe−tdt�5&q8r�

�stuvwxyz�{|����}~��q8r�:

Γ(x) =

∫ ∞

0

tx−1e−tdt �

�����q8r�Γ(x):��� (0,∞)��r�;���r���
�Γ(x + 1) = xΓ(x)�����Γ(1) = 1�0;���"�����
&Qj��q8r����C��������������&Q
������:�� f(x)&��� (0,∞)��r����r����
f(x + 1) = xf(x)�= g(x) = f(x)/f(1)%&��� (0,∞)��r����
��r����;� g(1) = 1� ¡¢£�&�log Γ(x)r��¤�w�
���q8r��"&fH. Bohr�J. Mollerup�¥¦�§!�¨
©ª«¬ [5]�®¯\��°���±� log Γ(x)r��¤�wA��
�q8r�� ²ZA«¬Emil Artin 1³´�Jµ [3, 4]¶&Walter

Rudin�·¸ [35]�
1��Emil Artin (1898-1962)���������	�
�� [10]������

������������ (Blaschke)�� !"# (Artin)$Hecke%&�'�()"
#*+,-.�/012342�5678��9/:;<=>?@���/:AB
CD��E0FGHI�JKLM�NO:PD�Q/?P�ERSTU�/%�V
WXYZ���,&[\�]^_`�a�b
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�¹���q8r��º�»&fLaugwitz�Rodewald[28]�¼��
½�\ , log Γ(x)r��¤�A¾¿:�� (L)/

L(n + x) = L(n) + x log(n + 1) + rn(x),cdL(x) = log Γ(x + 1), lim
n→∞ rn(x) = 0�

0;�½�ÀÁ�²Z�� (L)� log Γ(x)r��¤�uÂ&ÃÄ�Å�
F;��Æ�ÇÈ�"���q8r��ÉÊAËÌ6	
�ª«¬
[17]�

��ÍÎ`Ï�,�� (L),��Ð�ÑÒÓ6D03��ÔÕ�Ö�Q
����Á��¯��-��×Ø>+_�Ù;Ú@Û�ÚÜTq8r
��_�klj�Ý5xÞop���AB6,-����ßu:��
(P)/

Γ(x + n) = Γ(n)nxtn(x), cd lim
n→∞

tn(x) = 1�

���àá�"âã���ä���q8r��º��
����å�æ���5 (0,∞)��r� f(x)��,çä���/

(a) f(1) = 1 ;

(b) f(x + 1) = xf(x) ;

(c) f(x + n) = f(n)nxtn(x)�xa lim
n→∞

tn(x) = 1�

¨Î�²Zª«¬ [37],�x��F��æ���²Z�
����3èé���x > 0�r��ç {fn(x)}&êë��xa

fn(x) =
nxn!

x(x + 1) · · · (x + n)
�
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log fn(x) = x log n +
n∑

k=1

log k − log x−
n∑

k=1

log(x + k)

= x log n− log x−
n∑

k=1

log(1 +
x

k
)

= − log x− x

[
n∑

k=1

1

k
− log n

]
+

n∑

k=1

[x

k
− log(1 +

x

k
)
]

= − log x− xγn + cn(x) ,

xaγn =
n∑

k=1

1

k
− log n��� cn(x) =

∑n
k=1

[
x
k
− log(1 + x

k
)
]
������

�ç {γn}êë5	
��γ ≈ 0.577215664902 · · ·�3k > x > 0����

0 <
x

k
− log(1 +

x

k
) =

x

k
−

∞∑
i=1

(−1)i+1

i
(
x

k
)i ≤ x2

2k2
�

ìíjWX����ç{cn(x)}&êë����{log fn(x)}&êë���
xîF��ç {fn(x)}%&êë��

In[7]:= N[EulerGamma,12] Out[7]= 0.577215664902

�����	
���ïr� f���b��°�ä����=���
(a)��� (b)AB

f(n) = (n− 1)! , (1)

f(x + n) = (x + n− 1)(x + n− 2) · · · (x + 1)xf(x) � (2)

2 (2)���� (c)��� (1)�ð������

f(x) =
nx(n− 1)!

x(x + 1) · · · (x + n− 1)
· tn(x) = fn(x) · sn(x),
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xa sn(x) =
x + n

n
· tn(x)�;fn=:Ôb��ñ�r��f�� (c)B�

lim
n→∞

sn(x) = 1������,-�º�/

f(x) = lim
n→∞

nxn!

x(x + 1) · · · (x + n)
� (3)

�xAB�ò� f(x)&æ���

:ãóò���ô���õö,-�÷ø�

������ß����5 (0,∞)��r� f:PG (pre-gamma)r��
�� f��r���� f(x + 1) = xf(x)�

¦���A��°6ùú:ûq8r�����j��,/

�����ï f:����� (C)�PGr�

log f :üÂ (0,∞) ��¤r�� (C)

= f(x) = cΓ(x)�xa c:����

����ï f:����� (L)�PGr� (L(x) = log f(x + 1) )

L(n + x) = L(n) + x log(n + 1) + rn(x)� lim
n→∞

rn(x) = 0, (L)

= f(x) = cΓ(x)�xa c:����

�����ï f:����� (P)�PGr�

f(n + x) = f(n)nxtn(x)� lim
n→∞

tn(x) = 1, (P)

= f(x) = cΓ(x)�xa c:����
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ý;�þ���"ä������K���� cÿ: f(1)�®¯
\�èéPGr� f�� f(1) = 1����� (C)�¶�� (L)�¶��
(P)����w&q8r��

§!��3�� PGr�;���� (C)��� (L)��� (P)&�Æ
� ;¨Î�²Zª«¬ [37]���ú-²Zæ��M��Ôb��ñ�r
���� (3)��w&q8r�#$�
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[13] Itô, Kiyosi (Editor): Encyclopedic Dictionary of Mathematics, 2nd ed.,

by the Mathematical Society of Japan, The MIT Press, Cambridge,

Massachusettes, and London, England 1987.

[14] �����5���π,���	�
����� (51), 78� 9��
http://episte.math.ntu.edu.tw/articles/mm/mm_13_3_05/index.html

[15] �������Øj����	�
����� (60), 80� 12��
http://episte.math.ntu.edu.tw/articles/mm/mm_15_4_14/index.html

8



[16] ������¥�����Øj����	�
���� (88),

87� 12��� 43-49
�
http://www.math.sinica.edu.tw/math_media/vol.phtml?voln=224

[17] Euler, Leonhard : Institutiones calculi differentialis, Teubner, 1980;

Leonhardi Euleri opera omnia, 10.

[18] Gaylord, Richard J./Kamin, Samuel N./Wellin, Paul R.:Introduction

to Programming with Mathematica, Springer-Verlag, New York, Second

Edition, 1996.

[19] Hardy, G.H.: A Course of Pure Mathematics Cambridge Mathematical

Library, 1993 (First published in 1908).

[20] Hardy, G.H.: A Mathematician’s Apology, Cambridge University Press,

London, 1940.��þ	

http://en.wikipedia.org/wiki/A_Mathematician%27s_Apology

[21] ���/�g�I�Mathematica 4,Ý !" , 2001� 5��

[22] �#$��%&��
'(����������� , 1977� 5

��
http://episte.math.ntu.edu.tw/articles/sm/sm_08_05_3/index.html

[23] )*+/¿�g (,-.g )�/0µ123 , 1996��

[24] 045/�ò6Ô�789g�:; , 1957��

9



[25] Ireland, Kenneth F./Rosen, Michael I.: A Classical Introduction to

Modern Number Theory, Volume 84 of Graduate Texts in Mathematics,

Springer-Verlag, New York, Second Edition, 1990, Corr. Fifth Printing,

1998.

[26] Knuth, D.: The Art of Computer Programming, Vol. 2, Semi-Numerical

Algorithms, Reading, MA: Addition-Wesley, 1969.

[27] Knuth, D.: The Art of Computer Programming, Vol. 3, Sorting and

Searching, Reading, MA: Addition-Wesley, 1973.

[28] Laugwitz, Detlef and Rodewald, Bernd : A simple characterization of

the gamma function, Amer. Math. Monthly, 94 (1987), 534-536.

[29] <=>/?@AB�9g�C�����à , 1970� 1��D�þ
	
http://episte.math.ntu.edu.tw/articles/sm/sm_01_01_2/

[30] Nelsen, Roger B.: Proofs Without Words , MAA, Wahington D.C., 2000.

[31] Niven, Ivan/Zuckerman, Herbert S./Montgomery, Hugh L.: An Intro-

duction to the Ttheory of Numbers, John Wiley & Sons, Inc., New York,

1991.

[32] ��	
http://www.utm.edu/research/primes/largest.html

[33] Riemann (�EFGHIJ�K ), Ueber die Hypothesen, welche der

Geometrie zu Grunde liegen (òLéguÝMN\ ), 1845,���	
�
����� , 79� 9��

10



[34] Rosen, Kenneth H.:Elementary Number Theory and Its Applications,

Addison-Wesley, Fifth Edition, 2005.

[35] Rudin, Walter : Principles of Mathematical Analysis, Third Edition,

McGraw-Hill Book Co., New York, 1976.

[36] Schroeder, M.R.: Number Theory in Science and Communication,

Springer-Verlag, Third Edition, 1997, Corr. Second Pprinting, 1999.

[37] Shen, Yuan-Yuan : On Characterizations of the Gamma Function, Math.

Mag., Vol. 68, No. 4, October 1995, 301-305.

[38] OP*��Q
� e6 Stirling���������
�� , 84� 7

��� 79-96
�

[39] OP*�öMathematica3D0�R�ØuSó������
� , 89� 7��� 55-68
�

[40] OP*��Q
� e6Stirling������	�
���� (77),

85� 3��� 34-45
�
http://episte.math.ntu.edu.tw/articles/mm/mm_20_1_03/index.html

[41] OP*�TUVW— XJYZ¶&[\]^���	�
��
�� (98), 90� 6��� 78-87
�
http://www.math.sinica.edu.tw/math_media/vol.phtml?voln=252

[42] Silverman, Joseph H./Tate, John: Rational Points on Elliptic Curves,

Undergraduate Texts in Math., Springer-Verlag, New York, 1992.

11



[43] Silverman, Joseph H.: A Friendly Introduction to Number Theory, Pren-

tice Hall, Third Edition, 2006.

[44] Sun-Tsu(_× )/_×`�êabcd`eÞf,�G�g�:
; , 1980��

[45] hYZ�iVjº�� 7����������
����
� , 1996� 5��

http://episte.math.ntu.edu.tw/articles/sm/sm_27_05_1/index.html

[46] hYZ���& ,�����
����� , 1996� 6��
http://episte.math.ntu.edu.tw/articles/sm/sm_27_06_1/index.html

[47] hYZ�b�g�¥¦(�f�äkµ1�: , 90� 2��

[48] lmn��oÐpq (Ramanujan)Ø π,���	�
����
(50), 78� 6��� 70-79
�

[49] Wade, William R.: An Introduction to Analysis, Prentice Hall, New

Jersey, 1995.

[50] 0bj�$r§s�¨ÎHtªþ The MacTutor History

of Mathematics archiveu	u� 	v:/ http://www-

groups.dcs.st-and.ac.uk/ history/Mathematicians/Wallis.html

[51] Washington, L.: Introduction to Cyclotomic Fields, 2nd ed., Graduate

Texts in Math., Springer-Verlag, New York, 1997.

12



[52] Wolfram, Stephen: The Mathematica Book, Fifth Edition, Version 5,

Wolfram Media, 2003.

[53] Wolframwx	


http://www.wolfram.com/products/mathematica/introduction.html

[54] Wright, Ernest Vincent: Gadsby, A Story of Over 50,000 Words Without

Using the LetteryEz, 1937. http://spinelessbooks.org/gadsby/

[55] �{|/Mathematica��}H~��4ö���!"�:; ,

2002� 7��

[56] � � , Zetar�����>�����	�
����� (93),

89� 3��� 9-16
�
http://www.math.sinica.edu.tw/math_media/vol.phtml?voln=241

13


