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nn−1

(n− 1)!
< en−1 <

nn

(n− 1)!

⇐⇒ nn

n!
<

en

e
<

nn+1

n!

⇐⇒ e
(
nne−n

)
< n! < e

(
nn+1e−n

)

CD0����A�"E���FGH n! �IJ�K n LIM�n!
CNO�PQRIST��� n! LI�OU����V�;"�
���WX�� n! � nn+te−n &Y�ZI[&\�����]�^
_ t :�`5 0 � 1 ab�����Hc[4d�eUFf�_g
nn+te−n hi_g n!F�jk�lm��nFop�,�K nST5
QRIM�"q���ir

S(n, t) =
n!

nn+te−n

&stST5u��v�wx��y�z�{d Mathematica F
|}��~�"����

2 ���� n! � nn+te−n ��������
(a) �)2^ir�*: n! en

nn+t
��d�� S[n, t]��a�

S[n_,t_]:= n!E^n/n^(n+t)

(b) )�v��`5 0 � 1 ab�vr t�01op��� n r3
S[n, t]����K n�F�I� S[n, t]&stST5u�v�x
CD0�����6���� t r�& 0 � 1 ���r 0.5�3
�I� n r��� S[n, 0.5] ar�

Table[{n,S[n,0.5]},{n,100,1000,100}]//MatrixForm

(c) �:��l�op�&K nST5QRIM S[n, 0.5]���r�
lm���V�����&d�� .F_g��¡� S[n, 0.5]

� .�n ∈ [1, 100000]�
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  1: �� S(x, 0.5) a . (t = 0.5)

20000 40000 60000 80000 100000

50

100

150

200

250

  2: �� S(x, 0.1) a . (t = 0.1)

Plot[S[x,0.5],{x,1,10^5},

PlotStyle->RGBColor[0,1,0]]

(d) ¢���£¤K t = 0.1, 0.2, 0.3, · · · , 0.9 34a��

{S(n, t)}∞n=1

����d��¥ �q¦��F§¨�

(e) £¤�-©¦��a trlB��ª�

(f) Ayop�£¤ «��a trlB��ª�

3 �������
¬�-�! ( �op  1®  9)���B6m,�¯�/
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  3: �� S(x, 0.2) a . (t = 0.2)
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  4: �� S(x, 0.3) a . (t = 0.3)

20000 40000 60000 80000 100000

4

5

6

7

8

  5: �� S(x, 0.4) a . (t = 0.4)
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  6: �� S(x, 0.6) a . (t = 0.6)
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  7: �� S(x, 0.7) a . (t = 0.7)
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  8: �� S(x, 0.8) a . (t = 0.8)
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  9: �� S(x, 0.9) a . (t = 0.9)
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  10: �� S(x, 0.1), · · · , S(x, 0.4) a .
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  11: �� S(x, 0.6), · · · , S(x, 0.9) a .

(a) �� {S(n, 0.5)}∞n=1 :�°±²�³����lm´µ¶·¸¹
vg (Monotone Convergence Theorem)���º»"��
�&¸¹��¼ s: ���  1½� s ≈ 2.5066 · · ·�"���
½0��5	
� e�

(b) ¢ª t < 0.5�=�� {S(n, t)}∞n=1 &°L¾Q�³�lm���
¿ÀÁ"���t&¸¹�� ( �op  10)

(c) ¢ª t > 0.5�=�� {S(n, t)}∞n=1 &°±�;²  .��Â�
ÃTÄ�C½0�n& x-Å� ( �op  11)

¬^�AB6¢,�¯�Æ��d�� g(n) ∼ f(n)��

lim
n→∞

g(n)

f(n)
= 1 �

��������� n���� n! ∼ s nn+0.5e−n��	 s 
���

4 ������� ! Γ(x)

,-Ç���ÈFÉÊ"�¯�&3���M%Ç���Ë�� s�
ÌÍÎ-Ï��Ð�ÑÒ£����_gÓQ�Ò£�Ô

∫∞
0

e−tdt�∫∞
0

te−tdt�
∫∞

0
t2e−tdt� · · · ��¬�ÕÖ×�����

∫ ∞

0

tne−tdt = n! �

"� n!�Ò£���ØÙ��ÚÛQ�Ò£
∫∞

0
txe−tdt�5&Ü8�

��ÝÞaßn^àá�âã����äåvæÜ8��:

Γ(x) =

∫ ∞

0

tx−1e−tdt �
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çlèº�Ü8�� Γ(x) :væ� (0,∞) �é��;²êë���
ì� Γ(x + 1) = xΓ(x) m¥íîï Γ(1) = 1�0;�ðð"q�ñ
òó&Q�³vÜ8�����Cjkô��íîï�õ�³v
�&Q�ö����:¢ª f(x) &væ� (0,∞) �é��²êë�
��ì� f(x + 1) = xf(x)�= g(x) = f(x)/f(1) %&væ� (0,∞) �
é���êë�����ì�;² g(1) = 1�¼÷øù�&�log Γ(x)

���úñnëm³vÜ8���"&¬ H. Bohr � J. Mollerup
lûü�ý!�þÿ��� [5]����f���qñò�� log Γ(x)

���úñnAm³vÜ8��� ÉÊA�� Emil Artin 1 ��
�J	 [2, 3] [&Walter Rudin �
� [14]�

���³vÜ8�����&¬ Laugwitz ¥ Rodewald[13] l�
��«�f� log Γ(x) ���úñA��:ñò (L)/

L(n + x) = L(n) + x log(n + 1) + rn(x),��L(x) = log Γ(x + 1), lim
n→∞ rn(x) = 0�

0;�«����ÉÊñò (L) � log Γ(x) ���úñab&���
��F;²������"�³vÜ8�����A��6	

���� [10]�

¢ª��£¤�,ñò (L)�����tp�6D03���§�
s�Q�ö��������-��� >+Ò�!;�@"²�
#TÜ8���Ò�����$5^¦ÚÛ���AB6,-�ñ
ò�%a:ñò (P)/

Γ(x + n) = Γ(n)nxtn(x), �� lim
n→∞

tn(x) = 1�

¢�l&Á�"'(���)�³vÜ8�����
����������� (0,∞)���� f(x)���������

(a) f(1) = 1 ;

(b) f(x + 1) = xf(x) ;

(c) f(x + n) = f(n)nxtn(x)��	 lim
n→∞

tn(x) = 1�

1�� Emil Artin (1898–1962) �������	
����� [7] ����
�������������� (Blaschke) !"#$% (Artin)&Hecke '(!)
�*+$%,-./0�1234564�789:��;1<=>?@AB�
��1<CDEF�!G2HIJK!LMNO�PQ<RF!S1AR!GT
UVW�1'�XYZ[\��!.(]^!_`ab�c�d
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þ��ÉÊ��� [15]��^��Fôô*�ñ�ÉÊ�
������ ��� x > 0����� {fn(x)} !"#���	

fn(x) =
nxn!

x(x + 1) · · · (x + n)


��	��3��AB

log fn(x) = x log n +
n∑

k=1

log k − log x−
n∑

k=1

log(x + k)

= x log n− log x−
n∑

k=1

log(1 +
x

k
)

= − log x− x

[
n∑

k=1

1

k
− log n

]
+

n∑

k=1

[x

k
− log(1 +

x

k
)
]

= − log x− xγn + cn(x) ,

^_ γn =
n∑

k=1

1

k
− log n�ó� cn(x) =

∑n
k=1

[
x
k
− log(1 + x

k
)
]
�çlè

º��� {γn} ¸¹5	
�� γ ≈ 0.577215664902 · · ·�3 k > x > 0�
���

0 <
x

k
− log(1 +

x

k
) =

x

k
−

∞∑
i=1

(−1)i+1

i
(
x

k
)i ≤ x2

2k2
�

i��WX����� {cn(x)} &¸¹��lm {log fn(x)}&¸¹
���^+F��� {fn(x)}%&¸¹��
In[7]:= N[EulerGamma,12]

Out[7]= 0.577215664902

���
����	�,�� f êëvg�l��)�ñò�=�
ñò (a) �ñò (b) AB

f(n) = (n− 1)! � (1)

f(x + n) = (x + n− 1)(x + n− 2) · · · (x + 1)xf(x) � (2)

2 (2) ��ñò (c)�m¥ (1) �-������

f(x) =
nx(n− 1)!

x(x + 1) · · · (x + n− 1)
· tn(x) = fn(x) · sn(x),
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^_ sn(x) =
x + n

n
·tn(x)�; fn=:�g��.����¬ñò (c)B

º lim
n→∞

sn(x) = 1�lm���,-��/

f(x) = lim
n→∞

nxn!

x(x + 1) · · · (x + n)
� (3)

�^AB�/� f(x)&*���

:(�/���0���1d,-�23�

�����$����� (0,∞) ���� f 
 PG (pre-gamma) �
��%& f ����'() f(x + 1) = xf(x)

ü���Am��6Ï4:5Ü8���³v���¢,/
�����* f 
����� (C) � PG ��

log f 
+, (0,∞) -�.��� (C)

/ f(x) = cΓ(x)��	 c
���
�����* f 
����� (L) � PG �� (L(x) = log f(x + 1) )

L(n + x) = L(n) + x log(n + 1) + rn(x) 0 lim
n→∞

rn(x) = 0� (L)

/ f(x) = cΓ(x)��	 c
���
�����* f 
����� (P) � PG ��

f(n + x) = f(n)nxtn(x) 0 lim
n→∞

tn(x) = 1� (P)

/ f(x) = cΓ(x)��	 c
���

½;k6���")����³vK���� c �: f(1)����
f�78 PG�� f 9� f(1) = 1²êëñò (C)�[ñò (L)�[ñ
ò (P) ��:vn&Ü8���

ý!��3�� PG��;;�ñò (C)�ñò (L)�ñò (P)&��
� ;þ��ÉÊ��� [15]�lm4-ÉÊ*�ñM���g��.
���<�� (3) �=n&Ü8��#$�

ü���>64-�¯����: Γ(n + 1) = n! m¥ Γ(x + 1) =

xΓ(x)�lm��2¯���*:

9



�������� x���� Γ(x) ∼ sxx−0.5e−x��	 s 
���

¢ª"�¯�&3��¼

µ(x) = log

(
Γ(x)

sxx−0.5e−x

)
,

= Γ(x) = sxx−0.5e−xeµ(x)�lm"�¯�ØÙ��ÚÛ��

f(x) = xx−0.5e−xeµ(x) � (4)

��l-?���>:/@A�� µ(x)�{B f êë³v)�î
ï���B� µ(x)C¿{ f &�� PG ��wD²ô/

f(x + 1) = xf(x) ⇐⇒ 1 =
f(x + 1)

xf(x)

⇐⇒ 1 =
(x + 1)x+0.5e−x−1eµ(x+1)

xxx−0.5e−xeµ(x)

⇐⇒ eµ(x)−µ(x+1) =

(
1 +

1

x

)x+0.5

e−1

⇐⇒ µ(x)− µ(x + 1) = (x + 0.5) log

(
1 +

1

x

)
− 1 �

¼ g(x) = (x + 0.5) log
(
1 + 1

x

) − 1�lm f &�� PG ���E�îï
: µ(x)− µ(x + 1) = g(x)���B� µ(x) Cêë"îïwDC@¶�

µ(x) =
∞∑

k=0

g(x + k) n& ����%FGtÀHf/IG�J��

¸¹ñKó�º»��A¢^ILwDM¾NýO���PQR
ST�,�U²VW\&¸¹���XR."B� µ &�&{B f
êëñò (P) wD��)ôôyfYR²ô/

tn(x) =
f(n + x)

f(n)nx

=
(n + x)n+x−0.5e−n−xeµ(n+x)

nn−0.5e−neµ(n)nx

=
(
1 +

x

n

)n+x−0.5

e−xeµ(n+x)−µ(n) �

��º»
lim

n→∞

(
1 +

x

n

)n+x−0.5

= ex �

10



lmZ�¿ÉÊ lim
n→∞

eµ(n+x)−µ(x) = 1 �.�ñò (P) n����
ý!��

µ(n+x)=
∞∑

k=0

g(n+x+k)=
∞∑

k=n

g(x+k), µ(n)=
∞∑

k=0

g(n+k)=
∞∑

k=n

g(k)

K&�-.�QRJ��[\�lmK n ST5QRIM�"q�
QRJ�K0KtST5 0�

ü���>P�/�-.�QRJ�∑∞
k=0 g(x + k) �¸¹ñ��)

��2 g *+,-�.�/

g(x) =
1

2
(2x + 1) log

(
1 + 1

2x+1

1− 1
2x+1

)
− 1 � (5)

¼ y = 1
2x+1
�= 0 < y < 1�^��: x > 0�çl]º�

log(1 + y) = +y − y2

2
+

y3

3
− y4

4
+− · · ·

log(1− y) = −y − y2

2
− y3

3
− y4

4
−− · · ·

lm����,-�àá�

1

2
y−1 log

(
1 + y

1− y

)
= 1 +

y2

3
+

y4

5
+

y6

7
+ · · · �

>6�-� (5) ����B6

g(x) =
1

3(2x + 1)2
+

1

5(2x + 1)4
+

1

7(2x + 1)6
+ · · ·

<
1

3(2x + 1)2

[
1 +

1

(2x + 1)2
+

1

(2x + 1)4
+ · · ·

]

=
1

3(2x + 1)2

1

1− ( 1
2x+1

)2

=
1

12x
− 1

12(x + 1)
�

11



�^����

n∑

k=0

g(x + k) <

n∑

k=0

(
1

12(x + k)
− 1

12(x + k + 1)

)

=
1

12x
− 1

12(x + n + 1)

<
1

12x
�

lm���QRJ�∑∞
k=0 g(x + k) &é^J��;² _` &�

�����/&\&¸¹��lm��B6

lim
x→∞

µ(x) = 0 �� lim
x→∞

eµ(x) = 1 �

³v)WX�� f(x) = cΓ(x)�[a*+,�
Γ(x) = sxx−0.5e−xeµ(x) ,

^_ s = 1/c = 1/f(1) :����"nÉÊ(¯�)&3��^��
blc� Stirling 2���^��nd"��� s %a: Stirling �
��

e1�Ç��2�-lB6��ªdFfá Stirling���ÌÍÎ-
Ï�g:"��������td6 Γ(1

2
) =

√
π �� (3)��m¥�

-hB6��ª n! ∼ snn+0.5e−n �²ô/

Γ(
1

2
) = lim

n→∞
n0.5n!

1
2

3
2

5
2
· · · 2n+1

2

= lim
n→∞

22n+1(n!)2n0.5

(2n)!(2n + 1)

= lim
n→∞

22n+1s2n2n+1e−2nn0.5

s(2n)2n+0.5e−2n(2n + 1)

= lim
n→∞

s(2n)√
2(2n + 1)

�

2��� James Stirling (1692–1770) 2aVef�g<h������ijk
lm�no<�4pq Abraham De Moivre (1667–1754) rst�

12



lm�����
√

π = s/
√

2��^AB

s =
√

2π�

"n& Stirling ���

5 Mathematica"#$%
e1��2^�dÓ�À¼ijklm`n�,�G,�g§�o
�~��ApÓ Stephen Wolfram�	 [19][ «qr	 [1, 4, 11, 12]F
s+G�tu�[a%Am� MathematicaIHelp vwMK�x
qGl�(f�À¼�þ��`nnt�ü�G�y4�z{
Mathematica3IJ*&|}� (case sensitive)�jk&I*n:~
I*�s=t�ü�����

• ColumnForm[ {e1, e2, · · ·} ] 2�� {e1, e2, · · ·} ���d¨�.�
���F� e1 � e2 a��
ColumnForm[ list, horiz ] ÀÊ list �����9 (Left)���
(Center)[�< (Right)ô��y���F�

• E D03��� e� r�: 2.71828182845904523 · · ·�
• EulerGamma 	
�� γ� r�: 0.577215664902 · · ·�
• Factorial[n]([ n!) n Ü8�� n(n− 1)(n− 2) · · · 3 · 2 · 1�

• MatrixForm[ list ] 2�� list ���d���.����F�

• N[ expr ] c� expr �T�r� ��U:�Wr 6 ��
N[ expr, n ] c� expr �T�r� ��U: n ��

• Plot[ f, {x, xmin, xmax} ] �� f ��b [xmin, xmax]� .�
Plot[ {f1, f2, · · ·}, {x, xmin, xmax} ] 2�� f1(x), f2(x), · · · ��
b [xmin, xmax]� .��������-��

• PlotStyle->{} :À¼ Plot � ListPlot �dFÀÊl�¡aÄ
[�� style ��¦���

• RGBColor[ red, green, blue ] :� . style�À¼���)$#
�� (red)�� (green)�� (blue)�·��  U¬ 06 1>¡�
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• Show[ {plot1, · · ·},Ticks->None] 2�¢ £ plot1, · · ·¤+�¢�
��Åa¥UW Nonen��¥U¦��ü�

• Table[ expr, {imax} ] §¨�©ª imax � expr ����
Table[ expr, {i, imax} ]
§¨� expr ar���� i � 16 imax�
Table[ expr, {i, imin, imax} ]
§¨� expr ar����i� imin 6 imax�
Table[ expr, {i, imin, imax, di} ]
§¨� expr ar����i� imin 6 imax� b«: di�
Table[ expr, {i, imin, imax}, {j, jmin, jmax} ] §¨� expr ar
��¬���i � imin 6 imax�; j � jmin 6 jmax�
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