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«¬�cd­¨®=¯°h�±Z�q�rEs�²�C:³´

x2 + y2 = z2

=.�h�E�~µ¶·¸¹º�²�C:³´

y3 = x2 + 2

=.�h�E+���»M¼½¾¿aÀ��Á�C:³´

y3 = x2 + 23

�h�E��Â4�Ã�Ä�Å7+�a�cdoÆÇ�ÈÉÊn=L
Ë.q�rEsn�����tusv�¦� a���Ì�AEn=
LÃ7�Ä�Å�Í8Î{+

�7³ÏÐBÑÒ�cdÓÔÕ��Ö×ØÕÙÚØÛÒ�Üf�
���!"#"$LÝ�-Û¨�Þß��àáÆph�# (Z, +, ·)U
bÐBâh�sQt��-sv�~ã�/q�rEs�+Sä�cd
å&�¶�����kl9#~æçè�7�féê�ÉÊ�e¶º�
Úã�/q�rEs�+ë��Ò�,ìíUb.îk�Qïnð+.
�ñò]�óôõ�öÇ�÷øùÂúûºM��\Ubn=LË.q
�rEs�tuüý�áx,-tusvUVam�����yz (O
yA )�~��S�§�AB+Øà�Æã�þÿ�Ú4���=Ãp
��-f��TgZ[

√−2]LÝZ[
√−23]�/,fº³�����C�

���=|}nAB��f�gO�B�5+�a���	V�ø
�
������Í�����
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1 ���������	

	�b���ø4������:A2�»?��C� a�S

TøO�O�ÂL��
��Üf���h�� !"!# (3,4,5),

(5,12,13), (7,24,25)m+
U�ø�$�p%,¶�� !"!#Sf�.k&'�()�ø

}çÆ*
+.ù,kf-���¥è�8h�n, (3n, 4n, 5n)Ú�+
.öA/
+01�,2¨$��ÕÙ37-���74�ø�556
6�cd47,�8�Á�f4�7�Ú4�
�cd9z"���h
�æ:v (;<=.y>��� )+O?@AÜrBnà�ø�
+�¥
è�8C� (�¦C�D�� ) n , �E (n2 − 1, 2n, n2 + 1)4��f !
"!#Fa:v�"��+

ST�cdM°G�C���f��¢ùH�$I�5�cd=
��X�J�=.���h�� !"!#+KL£
�cd�J�C
:³´9

x2 + y2 = z2

=.�h�E (x, y, z)+��Yp���C�MNcdÂx=�²�EÕ
O�Fa:v�"P� (x, y, z)+U��cdÚ�Q²�8h�E<Â+
am"P�RÛSn������T�"P� (primitive Pythagorean

triples)�ÕS�UT�"P�VSWXñ�+
=LcdY/�¥Z�²�=.�WXñ�+9z (x, y, z)4�,

2������� (������ )�������� (������ ) !"#$%
&'()
���*+%,�!-./&�����012345�����126
7(��8�9:6;<=>?�@A��;=��3BC��DEFGHIJK6
�����&'(LM�N*!OP&OQRS�T��U�OQ��3
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¶���[WXñ�+«¬�É\DCs+�"P� (x, y, z)�]�>
. 8^Ce�[_³9� `a=ëN�,Ub�b"âbcì^[_
�Â��WXñ���S�d^[_��CÂ��e��ST�3f/
Øgh�i (jè+é³nàDCsC�kl )+

mn xOx2 yO y2 zO z2 Â��� T�
1 D D D ¢ D+D=C
2 D D C ¢ ÒoE 3

3 D C D X

4 D C C ¢ D+C=D
5 C D D X

6 C D C ¢ C+D=D
7 C C D ¢ C+C=C
8 C C C ¢ "�C:v

���C:³´b�x, y��S��,èpÔ�b"âbcì^[
_ÂUVe�f��q+�anr�cdÂ9zx, z�D�� y^�C
��=Lcdop`�"f�

α =
z + x

2
, β =

y

2
, γ =

z − x

2

��8h���æCKs)α, γì�Fa:v4+xTC:³´tV

y2 = z2 − x2 = (z + x)(z − x) =⇒
(y

2

)2

=
z + x

2
· z − x

2
,

3@�VWXYU8Z 4[\1�]^WXYU8Z 4[_3
4@�`#7a(W&b@cpde[7a(W&f (= z)gh7a(W&i (= x)�

]7�jk pe[ y (∵ p | y2 = z2 − x2 =⇒ p | y) ;@l p�x, y, z&'(m@W�An
op (x, y, z)!'qr��Wst3
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��op,"f8h���ftj9 `+

β2 = αγ

uvÁÞwx:A5�CK��α, γìíxy��z{é³�6�Ú4�

�|/}8h�m, n~o

α = m2 , γ = n2+

roT¬������"P��

x = m2 − n2, y = 2mn, z = m2 + n2+

�a�cd56J�=.�WXñ��C��.ù,k[���
��Â¨���ÕÙ�y9a���+�S��Xñ�4�,-WXñ
��Û�����{�\�8�n� a,D�cdopC:³´9
x2 + y2 = z2=.�h�E+

�:A� C:³´9x2 + y2 = z2�h�E (x, y, z) `+

x = ±k(m2 − n2), y = ±k(2mn), z = ±k(m2 + n2) ;

Sb8�nÂ�{�\�k�¥è8h���m,n^��D�CFa:
v�ìf8h�+

`���7bY�7�f Javascript�Á��¨L�Á,-�E�C��
� ¦+`af�Um,nH�/ 10L����`=.�WXñ�+

5`#ueWvwxyz{b@W&|}~A����!�'&3
6�7a(Wyzb@W&|} α = pa1

1 · · · pak

k , γ = qb1
1 · · · qbk

k 3] αn γ�b�
@l��7�b@W pi, qjd�aa���0x β2 = αγ&b@W|}����!
pa1
1 · · · pak

k qb1
1 · · · qbk

k ;@A7���ai, bjv!^W�T�1α, γv!��XYW3
7http://www.math.clemson.edu/∼simms/neat/math/pyth/
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n m (x, y, z) n m (x, y, z)

1 2 (3, 4, 5) 3 8 (55, 48, 73)

1 4 (15, 8, 17) 4 5 (9, 40, 41)

1 6 (35, 12, 37) 4 7 (33, 56, 65)

1 8 (63, 16, 65) 4 9 (65, 72, 97)

2 3 (5, 12, 13) 5 6 (11, 60, 61)

2 5 (21, 20, 29) 5 8 (39, 80, 89)

2 7 (45, 28, 53) 6 7 (13, 84, 85)

2 9 (77, 36, 85) 6 9 (45, 108, 117)

3 4 (7, 24, 25) 7 8 (15, 112, 113)

3 6 (27, 36, 45) 8 9 (17, 144, 145)

2 
 y3 = x2 + 2��
�
/���b�cd�����pÁÞwx:A����p�,<

=¨p��
�7ST4�h��q�rEs+Y/÷cdµ¶·¸
¹��Ô�J�C:³´

y3 = x2 + 2

=.�h�E+
9zx, y ∈ Z��C:³´9 y3 = x2 + 2,~xa9tV

y3 = x2 + 2 = (x +
√−2)(x−√−2)+

������9��cd� É��Na + b
√−2, a, b ∈ Zn8�¡��

/����RÛL¢nZ[
√−2]aNn�r

Z[
√−2] = { a + b

√−2 | a, b ∈ Z }+
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,fi_Z[
√−2]âh�iZ.??kkQï�º³+

«¬�ìí��¡�iC��i�=LÚ�£¼7Ub¤À¥¦À
�§Á�LÝS���-����+,ìf�����¤"¦§Á4�
�D=>�}P§Á+�)¨�
�i_S���f}P§ÁST4�
�f	S × SpS�©��5�

f : S × S → S+

=Li_S���ìfPWα, β6� f§Ánà�op��ª<©�ª
f(α, β)«�2�/i_S�+�anr�Ucd
,f§ÁP.¬­
s��C��7®¯a��5+°±��cdx§Á¢nt/ìfPW
�b)�=L

αfβ

?�4� f(α, β)�4 e�*�¥�²�cd°±tVα + β ¥ α · β�
C�+(α, β) ¥ ·(α, β)�¶�GA+

ë��Ò�¡��¤À¥¦À§Á/i_Z[
√−2]nbâ/h�i

Znb�¶�P.¬­s�,������b�³�S����svm
`��á�ÈE
+UZn´X�J�C:³´

y3 = x2 + 2

=.�h�E+ �=
�/i_Z[
√−2]b��9ÂrE�

y3 = x2 + 2 = (x +
√−2)(x−√−2) ,

�æÚÂs)gh�ìf� x +
√−2¥ x − √−2Fa�:v�+9z

(Z[
√−2], +, ·)âh�± (Z, +, ·)�¶Ë.=µ������+�aq�
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rEs	¶cd�,ìf�xy��¡�iZ[
√−2]nb�z{}³

��Ú4�
�|/a + b
√−2 ∈ Z[

√−2]~o

x +
√−2 = (a + b

√−2)3+

xg9���hAàop

x +
√−2 = (a3 − 6ab2) + (3a2b− 2b3)

√−2 ;

~�·mnìh�¸¹�o°

1 = 3a2b− 2b3 = (3a2 − 2b2) b ∈ Z+

��op
b = ±1 æ 3a2 − 2b2 = ±1 ;

ro
b2 = 1 =⇒ 3a2 − 2 = ±1 =⇒ 3a2 = 2± 1 = 3O 1+

�a�cd�:.
a2 = 1 =⇒ a = ±1 ;

áÆp�����9�o°

x = a3 − 6ab2 = (±1)3 − 6(±1) = ∓5+

Øà�xx = ±5�ÆTC:³´

y3 = x2 + 2 ;

ro y = 3���TC:³´nh�E�

x = ±5 , y = 3+
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�a�cd56V�ºJp7ìfC:³´nh�E�b�f/
���Ë.ù,k[E�b}f4/����.ì[E+��� a�
V��cdo
º»¼�Ñ�J�½�fC:³´9

y3 = x2 + 23

�h�E+ ��9zx, y ∈ Z��C:³´ y3 = x2 + 23 ;xa9tV

y3 = x2 + 23 = (x +
√−23)(x−√−23)+

�����cd¾��º³lV

Z[
√−23] = { a + b

√−23 | a, b ∈ Z }+

CKs)gh�ìf�x +
√−23¥x−√−23Fa�:v���a,ì

f�xy��Z[
√−23]b�z{}³��Ú4�
�/Z[

√−23]Ub.
¿f�a + b

√−23~o

x +
√−23 = (a + b

√−23)3+

xg9���hAàop

x +
√−2 = (a3 − 69ab2) + (3a2b− 23b3)

√−23 ;

~�·mnìh�¸¹�o°

1 = 3a2b− 23b3 = (3a2 − 23b2) b ∈ Z+

��op
b = ±1 æ 3a2 − 23b2 = ±1 ;
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ro
b2 = 1 =⇒ 3a2 − 23 = ±1 =⇒ 3a2 = 23± 1 = 24O 22+

�a�cd�:.
a2 = 8+

ë��Ò�=.,¶��h�|/��B��TC:³´

y3 = x2 + 23

ùE+���ÀÏÁÊ<Âo°TC:³´.h�E�

x = ±2 , y = 3+

,p%�Â��ÆÃ'�ÜrB��2Ä��o�@Å/V��
ÆÇ��Â�Ì�``��È�5�/ÉÊ�ËCÂÌ�ÇÍÎÏ<+
()�ø�Â	¶c�

3 �
����
�7³ÏÖ×=��������KÐµ�Ñ¨�-Þß�Ò


�Ù¯Óp�/aÔÂ�¨Õ£ÖÛ�³9�n�2×ØÙÚç+

cdÓÔÛ�fi_�n}P§Á�^^sv+�fi_»�=
.¥¦�}P§Á��U�4=Ü�����Â]+,4��/�fÝ
$<��»UbììFa�=.¥¦:W"=.¥¦tj���,¶�
��fÝ$�C��:CQÞ��-f$=V��fi_$�5�=.
¥¦���Â]+U��,¶��Ý$4=.ß���©ª���CÂ
�P.¥¦�àáâ+

� ∗�i_S���f}P§Á+
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• cd
§Á∗�Â�_� (associative)�»

(a ∗ b) ∗ c = a ∗ (b ∗ c) , ∀a, b, c ∈ S+

• cd
§Á∗�ÂãK� (commutative)�»

a ∗ b = b ∗ a , ∀a, b ∈ S+

• PW e ∈ SSn�§Á∗��fÙäPW (identity element)�»

a ∗ e = e ∗ a = a , ∀a ∈ S+

• »i_SË.§Á∗��fÙäPW e�^cd
PWu ∈ S/i_
SbP.RPW (inverse)� ª|/ v ∈ S~o

u ∗ v = v ∗ u = e+

Y/Æp¡�iC+/Cb.ìfcd�å�}P§Á¤+¥¦ ·�
4�,ìf}P§Á~o¡�iCË.æçù������+

(i) ¤À§Á (+)/¡�iC�P.¬­s (¬ )"�_s (� )~Ë.Ù
äPW 0 + 0i(Ù )æè�PW a + bi�.RPW (−a) + (−b)i(R )�
,4�=>�! (group)�����+

�D�]�i_S���f}P§Á ∗�»���é�¬"�"
Ù"Rêfsv�cd4
S/§Á∗n`#V�f!O
 (S, ∗)�
�f!+ ª§Á ∗�ÂãK����A=U��cd4
 (S, ∗)
��fãK! (commutative group)+RÛVS�ëìí! (abelian

11



group)�����3î��Öëìí8+¡�i (C, +)/¤À§Á
n`U���fëìí!+

(ii) ¦À§Á (·)/¡�iC�P.¬­s"�_s~Ë.ÙäPW
1 + 0i�æè�f ïPW a + bi 6= 0�.RPW a

a2+b2
+ −b

a2+b2
i�V

¦ÀÚ.ãKs�KL£
� (C\{0}, ·)Ú��fëìí!+

(iii) ,ìf§Á�~C�ð}|/ñùtò��SQts4�=>�
¦À§Á (·)�¤À§Á (+)�róô�<

α · (β + γ) = α · β + α · γ , ∀α, β, γ ∈ C+

,4�=>�$ (field)�����+�D�]�Ë.ìf}P§Á
∗1, ∗2�i_S�»�� �éCnsví�cd4
S/§Á ∗1, ∗2n
`#V�f$O
 (S, ∗1, ∗2)��f$+�)¨�
�� ∗1, ∗2�i_S

�ìf}P§Á�cd
 (S, ∗1, ∗2)��f$�»��`é"fsv+

(i) (S, ∗1)��fëìí!+

(ii) (S \ {e1}, ∗2)Ú�ëìí!�að e1�§Á∗1�ÙäPW+

(iii) §Á∗2�§Á ∗1�róôV}+

a ∗2 (b ∗1 c) = (a ∗2 b) ∗1 (a ∗2 c) , ∀a, b, c ∈ S+
8��� ·��� ·����Niels Henrik Abel�1802��1829�����W$��x

12���Y�& ¡¢&sw£¤l¥¦31825��§¨©ª«�¬$­®f¯
°3±²s�³�´�µ��¶·¸¹º»�¼8@½¾¿B��&ÀÁÂÃÄ3Å
8aÆ�ÇÈ­®&ÉÊËÌ§�C3ÍÎÏÐÃ&ÑÒÓ'ÎZÔ�ÕÖ&×Ø3
SPhxÙ¦ÚÛ¦&���Ü3
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/cd=�å�g�Ub��7.A�$ (Q, +, ·)"T�$ (R, +, ·)
LÝ¡�$ (C, +, ·)nõ�

(Q, +, ·) ⊂ (R, +, ·) ⊂ (C, +, ·)

2.�-Öö.A�$Ý¡�$n)??kk��$9 (number fields)�
�.��Ú�C÷Ë.v�f��.H$10 Zp (prime finite fields) +

�cd���øùúh�± (Z, +, ·)V�Â�¶��ûüs'�ý
Ãþÿ������C�,f��X�¬���ùÀ��+=��4
� ïPW�¦ÀRPW�7±1nõ��C|/+,4�=>�#
(ring)�����+�)¨�
�Ë.ìf}P§Á ∗1, ∗2�i_ S�
»��`é"fsví�cd4
S/§Á ∗1, ∗2n`#V�f#O

(S, ∗1, ∗2)��f#+

(i) (S, ∗1)��fëìí!+

(ii) §Á∗2�Â�_�+

(iii) §Á∗2�§Á ∗1��"gróô�V}+

a ∗2 (b ∗1 c) = (a ∗2 b) ∗1 (a ∗2 c) , ∀a, b, c ∈ S ,

(b ∗1 c) ∗2 a = (b ∗2 a) ∗1 (c ∗2 a) , ∀a, b, c ∈ S+

°±��cd7#<��b�f§ÁSn�¤À�¨¢n�+��
aN��b}f§Á^Sn�¦À�¨¢n�·��aN+�a�cdÚ
°±xb�f§Á�ÙäPWSn�¤ÀÙäPWæ¨�0��aN�

97�ÝwÞz!ßàh�WÝ&áâãä�å{æW!hç&��U�WÝ3
10èéêhëbW(W&hçÝ�]{(Wd�!ì'bW&��3
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�b}f§Á�ÙäPW�»|/^Sn�¦ÀÙäPWæ¨�1��
aN+	
�,���f°±¨À�=LUø�p/�f#O$<��
0(O 1)��?�4�¤ÀÙäPW 0(O¦ÀÙäPW 1)��âh�<�
0(O 1)��tjÚ=.+

U���h�# (Z, +, ·)���D�#2��k��4�b}f§
ÁC�.ÙäPW�æ2�ÂãK��,�^#RÛSn�P¦ÀÙ
äPW�ãK# (commutative ring with unit)+¥aQ��.
öT�
$�n�³�# (Mn(R), +, ·)�,��fË.¦ÀÙäPW� ãK#
(noncommutative ring with unit)�2.�Ch�# (2Z, +, ·)^�CP¦
ÀÙäPW�ãK# (commutative ring without unit)+

ST�h�#2.�È��sv�� 
�¥¦ìf ïPWQ¦
2� ïPW+,4�=>�h� (integral domain)11�����+�D
�#� Z64��. ïPW 2Ý 3Q¦nàmöï�2.��#b�

(
7 11

0 0

)(
0 11

0 −7

)
=

(
0 0

0 0

)

Ú.8ï�Y��e (,¶�� ïPW4�=>�ï�� )+

��]n�h�#��Ë. ak�k������4ªocd

Ô�G�á�ä������7,äã�k �øùú!f"È+

4 �
������
Y/Æp#�e=��h�Z��J8h�"�h�Ýï�U��

���AEompÆ $�þ%Ì�·V���a÷cd¬&'/��
11íhî@c&ïðñ���eò3
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� (<8h� )�æ(�Æ�##�e+��Ö)*�)L. Kronecker12

+
+��,-¤7����S.����¾�+�ST���,�/
0�C��12�æ�äCÆ+�,�-¤��7���õ2.??k
k�3_��S-¤�ØÆ4X�5Ô6�7#N"¶9=¤���=
L��C���,�8��5+

,<T/�.�k��9�:�/a��ÛÛ¥����Qt�
¹r+¬	h�s
Ñ+cd
�f� ah��f� b� ª.�f� c

~o
b = ac ;

�L¢n a | baNn+KL£
� a� bnà=..�+aS� b��f
���� b^S�a��f��+g + 6 | 12, (−14) | 98, �� 7 - 11+

»;ø�f��ø4�Ô�7,f�rEVìf��¦²�2C
<��4árE�� p==ÀárE�>+aXwö#����?�
öA@- 

360 = 36× 10 = 6× 6× 2× 5 = 2× 3× 2× 3× 2× 5+

C�árE��4�=>�v� (prime numbers)+�)¨�
��f�
p > 1Sn�v��»a��.���� 1Ý p+v�� Û�A�� 
`���:A=ëN���¦À�]�v�X�|¤h��BC��h
�UbØwx�PW+

12�óôõ ·�Òö� (Leopold Kronecker�1823�12÷7øù1891�12÷29ø )�õ
�W$�núû$��ü±à�ý�þ (SÿôÂ&�ý�� )���­®3Ù,�G
�nW$��vd�xÈéW�)�37nW$�	
 ·�� (Georg Cantor)&
�N
���3�Òö�!��L ·��� (Ernst Kummer)&$±f����3
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Ú?ø�
�=.,-��cøD4°G7�=Ü�ED��Õ 
ùFGH+���c×$ø�øÒ�°Gv�.ù,kf�.øÂ°G

�I�5°Ø��v��k&���

*JU�C���.k�4.k����Ü�'�MM��ÀÏ;ø�
fh��ø�K�Æ*a�4�v���Ú?ø
+;c-?þ)c4
ÂL;ø*J+�L-�ø4ÀÏM�f�Nä��á��� ¦�
ST�ø�°G��AB��°G��C�T���°G+OP�f
h��¢�v�X��f�MQ�.5ßsT|/.RÁÀ�Â/k
l9þ)�zV [1]+/a¬Ö×ì8.S�v�+TUv� (Mersenne

Primes)ÝVKv� (Fermat Primes)+

• TUv�+# Mp = 2p − 1�v�Sn�TUv�+a8v�¥
z{�.t�I�5°Ø��v�4�,�8�v��

243112609 − 1+

,�5ß�Y�bê0cf (5þ)Wm )TUv����fË.
X�Y"Ný 12,978,189ä��Z����{GIMPS13Ý[ö 2008

13�The Great Internet Mersenne Prime Search&�y�7!A�����0RS
&� 11(3 &!�´!h^ Ë"6a(#$ (2008� 9÷ 6ø )�Bõ�%&
(Cologne)'(Langenfeld&Hans-Michael Elvenich�RS�)*+(3s,�-%.
/'(0 � 237156667 − 131(÷8�2009� 4÷ 12ø�RS�)*1(�g!
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 8\ 23]/��^_`UCLA��±��¹ab�Y�Edson

Smith��cdeÝfgGIMPSh$öS���+/a���i
)j� ·kíülí (Chris K. Caldwell)=�öz��v��� [7]�
ªow�mn�o+

• VKv�+# Fn = 22n
+ 1�v�Sn�VKv�+��cfV

Kv��

F0 = 3 , F1 = 5 , F2 = 17 , F3 = 257 ¥ F4 = 65537+

U VK�a�P=.,�8p����v��.Dq���,
cf��I��.�VKv�+ö�.�rÌ
+�|/.Hk
fVKv�+ø/�'�

¥v�Qt�SÃ�2.�st�ªoY���&.%`ìfáuv�
rÌ+wev�rÌ (Twin Prime Conjecture)Ý�üxyrÌ (Goldbach

Conjecture)+

• wev�rÌ+<~	#v�aÁÊ�CKÊ�. `�v��
�Y

(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), · · · ;

Sn�wev�+a^wev��¢.ù,k'�*J��C°
G+mø�Ez-

• �üxyrÌ+�¢è�f�ö 2�C��ÂLtVìfDv��
*'�,4�]��`�üxyrÌ�<~.ab{%/|�}
���}~�JpRg���Bb|/Ø���E$In�+I
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��,³��w�2�&'/1937 f����È (Vinogradov)=
s)��ª142.���/ 1966 ��ª15+

,<cd��j/��¦À����a)Ø��:AÂ��p�
Ü�o� ��,4�q�rEs:A�RÛSn�ÁÞwx:A+�
.�k¥h�Qt�A��ª���{��B���r�aÇ��Ú�
A=U����T�]ã+,:AÕÙ
4��è�f�Âq�tVS
v���¦²+� 
�360 = 2 × 3 × 2 × 3 × 2 × 5 = 23 × 32 × 5+q
�?���Sv��� 2, 3Ý 5�Sä�r�� 3, 2Ý 1�,-�X�{
360=q�z:�+

���Y��=>��mTA (Well-Ordering Principle)�aTAX
����Øwx�9z�â��ã�ÀTA (Principle of Mathematical

Induction)�m©��/�k��_cdµ�a}ø���+

��mTA� ¥¦8h�� (i_�Ë.�Ø#�PW+

���ã�ÀTA� �P (n)��f¥h�.t��é~oP (n0)V}
æ16�=.h�n0 ≤ j ≤ k , P (j)V}=⇒ P (k + 1)ÚV}+^�=.�
h�n ≥ n0 , P (n)�V}+

Y/Æph�#Z����/,�¾��·³Ï�-+h��Áî
�êù����öò���Cµ�k��Q7�������AEVh

14Ù126<=>'(?@�&VWwxyz4(VbW&f3A
15Ù126<=`#'(?@�&^W�vwxyza(W&f {'�VbW�
B'C�VbW&|}{(WsD,23A (��=1+2A)A��õ¯EFGº»%&
H�I�lÙ0R�&zJêZ�U�K���3

167!-L'MN&�
 OP&�
�QRSn0 = 1lAT&UVêwSP�<
�ì'eWk ≥ n0 , P (k)z�=⇒ P (k + 1)êz�3
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�<Â+v��ÁîÚ��¶�lVk���v��5+%`cdf�
��-h�s�wxsv�o��WW�x,-ÕÙ�s)zV+

1. a | a , ∀a 6= 0 (Ryô )

2. a | b æ b | c =⇒ a | c ( ¡ô )

3. a | b æa | c =⇒ a | mb + nc (¢sô )

4. a | b =⇒ ma | mb (¦Àô )

5. ma | mb æm 6= 0 =⇒ a | b (Q�ô )

6. ±1 | a (±1h�è�f� )

7. a | 0 (èf��h�ï )

8. 0 | a =⇒ a = 0 (qïh�ï )

9. a | b æ b 6= 0 =⇒ |a| ≤ |b| (�·ô )

10. a | b æ b | a =⇒ |a| = |b|

11. a | b æa 6= 0 =⇒ (b/a) | b

�n ∈ Zæ� p��v�+^»n 6= 0��|/� �h�a~o

pa | n . pa+1 - n+

,f a4Sn� n/v� p��� (the order of n at p),L¢n ordpna
Nn+£¤]n�ordpn4� ph� n�ä�+» n = 0�^cd:;
ordpn = ∞+jèp�½�f3¥�

ordpn = 0 ⇐⇒ p - n+
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�a��f ïh�n�]��./Sv�������8���/S
�Ch�n�v��S��^{¹�� 0+

ÓÔcd¦³§ÿ��s)ÁÞwx:A (Fundamental Theorem of

Arithmetic)�¾P+«¬ðA|/s�¹r�,���mTAO��ã
�ÀTA��fÕÙ¨°�5+5±g�§©��ªWW�x,ÕÙ�
s)zVÌ�����7z{ÑÒ���«�ìfCe�Bs³9Y�
¬�í­É+

��A 1� ¥¦ ïh��ÂLtVv��¦²+

�s)�� »¢�^`fi_� (i_

S = {x ∈ N | xC�v��¦²} 6= ∅+

�ms	¶cd�SË.�Ø#�8h� s�r sxyC�v���ac
d. s = mn , að 1 < m,n < s+���m,n��� s#�8h��
����v��¦²�=L sÚ�v��¦²+®¯�Y�ros+

�s)}� �µs)≥ 2�8h�ÂtVv��¦²+

(i) 2��fv�+

(ii) 9z 2 < Næ9z�=.Öö 2¥N�h��ÂtVv��¦²+
»N�v��^s)z��¢^cd.

N = mn , að 2 ≤ m,n < N+

���9z	¶cd�m, n��v��¦²�=LNÚ�v��
¦²+v��ã�ÀTA�ros+
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_L8��xe�v�°/�Ñ�cdÂLx�fh� ntV
n = pa1

1 pa2
2 · · · pam

m ,Sb pi�v�æ ai�8h�+cd�Ñ¨%`�³Ï
�³9�a�+

n = (−1)sgn(n)
∏

p

pa(p) ,

að sgn(n) = 0O 1ÀÔ n�8"��z:��¦²b� p��=.�
v�+ä� a(p)X� �h��U���7.Hkfv�õ�aä�
��ï+� 
���=�p���f� n = 360�cd. sgn(n) =

0 , a(2) = 3 , a(3) = 2 , a(5) = 1 ,�S.�a(p) = 0+

�ÁÞwx:A� �¥¦ ïh�n|/�v�rE9

n = (−1)sgn(n)
∏

p

pa(p) ,

Sä�{n=q�z:+T±��cd.a(p) = ordp n+

��A 2� »a, b ∈ Zæ b > 0�^∃ q, r ∈ Z~o

a = qb + r , Sb 0 ≤ r < b+

�s)� É\i_S `+S = {a − xb | x ∈ Z} ∩ (N ∪ {0})+ë��
Ò�S� (i_��ms	¶cd�SË.�Ø#� �h� r�r.
�h� q~o 0 ≤ r = a− qb+cd��s) r < b+»¢�^

r = a− qb ≥ b =⇒ 0 ≤ r − b = a− (q + 1)b < r ;

��op/Sb� r2#� �h� r − b , ,â r�yrC_�ros+

�A 24�=>���À (long division)�VS��Ü�üRÁÀ
(Euclid’s Algorithm)�Ò�C²³�/�QUtu�sv+kl9#Ú
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P.,fsv+=LÛzkl9#�q�rEsà�cd�xas
v��O����amsv�h��A=U�4S��Ü�üh�
(Euclidean Domains)+�Ü�üh�Úe¶�P.q�rEs+

�:;� »a1, · · · , an ∈ Z�:;i_ (a1, · · · , an)�

(a1, · · · , an) = {a1x1 + · · ·+ anxn | x1, · · · , xn ∈ Z}+

� I = (a1, · · · , an)+ë��Ò�,fi_/¤À¥´Àn`�P.
¬­s�;<�¥¦ I<Ç�ìfPW�*Oµ«�2�<Ç�PW+
C� a�»x<Ç�PW¦�¥¦�h�«�2�<Ç�PW+Ú4
�
�C¶ø�h��· ¦�O/ I<Ç�OC/ I<Ç��¸¦� I

<Ç�PW�4�ß¹º�V�<Ç��»�+/#B�Þß�,4�
=>�AM��a I�h�#Zb��fAM+

��A 3� »a, b ∈ Z�^|/d ∈ Z~o (a, b) = (d)+

�s)� » a = b = 0���¶4=��s��r9z a, bC{�ï�
��S = (a, b) ∩N 6= ∅+�ms	¶cd�SË.�Ø#�8h�d+ë
��Ò�(d) ⊆ (a, b)�cd��s)�R³& (a, b) ⊆ (d)Ú�+
9zx ∈ (a, b)+�A 2	¶cd�|/ q, r ∈ Z~o

x = qd + r , Sb 0 ≤ r < d+

ë��Ò�r = x− qd ∈ (a, b)��a 0 ≤ r < dÝ d� (a, b)<Ø#�8h
��÷cd�Ò r = 0�q��ã¼+=Lopx = qd ∈ (d), ros+

�:;� �a, b ∈ Z+dSn�a¥ b��fØ�y���»

(i) d�a¥ b�y���
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(ii) ¥¦S�a¥ b�y���h�d+

��jèp�:;b
���fØ�y��+�p%.Üf'�
» c�½�f���cd4�:.

c | d æ d | c ,

�� c = ±d+rìfh��Ø�y���»|/�4½½�.ìf�S
)�µ�f¢n+RÛ¨¢n gcd(a, b)�aN�f8�Ø�y��+

��A 4� �a, b ∈ Z+» (a, b) = (d)�^d�a¥ b��fØ�y��+
�s)� (i)��a, b ∈ (a, b) = (d)�rd�a¥ b�y��+
(ii)9z c� a¥ b�y��+�a ch�¥¦ a¥ b�¢s[_��
d ∈ (d) = (a, b)4�a¥ b��f¢s[_�r c | d+

,4�Ø�y���|/s:A+.ì�ªo�Y+

(i) ���s)³À�Ò
�Õ¾¿À�.�bC����/hfs
)��´Ub�cd�CpÂ��Jx¥ y�ÁÂKÃ+×­ÄÅ
Æ�nÇ [8]b}È�BÉÊnb=Y��"f�ÁØ�y���
RÁÀ+

(ii) jèp�a d/ (a, b)b�Ø#�8h��./� a¥ b�Ø�y�
��ªoÆp+

�:;� cd
h� a¥ b�:v��»S�.�y���.±1�h
�b�ÂËPW+

�:AZ� 9za | bc�æ gcd(a, b) = 1 , ^a | c+
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�s)� � gcd(a, b) = 1�|/x, y ∈ Z~o

xa + yb = 1+

ì�eþ¦� c�op
xac + ybc = c+

uv9za | bc�o°ah��9�h�è�l��a

ah��h =gh = c ,

ros+

��B 1� » p�v�æ p | bc�^ p | b O p | c+
�s)� � p�v���.����±1,±p�ro

gcd(p, b) = p O gcd(p, b) = 1+

�acd.

(i) gcd(p, b) = p+ � gcd(p, b) | b =⇒ p | b ,

(ii) gcd(p, b) = 1+ :AZ =⇒ p | c ;

ros+»x�B 1tVSRË�é�^.

��B 1′� » p�v��� p - b æ p - c�^ p - bc+

��B 2� 9z p��fv��æa, b ∈ Z+^

ordp ab = ordp a + ordp b+
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�s)� � α = ordp aæ� β = ordp b+^

a = pαa′ æ b = pβb′ ; Sb p - a′ æ p - b′+

�acd.
ab = pα+βa′b′ , Sb p - a′b′ (�B 1′) ;

=L ordp ab = α + β, ros+

�a�Ìÿ¾�zV�Æpq�rEsns)+

�ÁÞwx:Ans)� �A 156s)��¥¦ ïh�n|/�
v�rE9

n = (−1)sgn(n)
∏

p

pa(p)+

ì�eþ\ ordq�~~¨�B 2�cd.

ordq n = sgn(n)ordq(−1) +
∑

p

a(p)ordq(p)+ (1)

uv ordqn:;�cd.

ordq(−1) = 0 æ ordq(p) =

{
1 » p = q

0 » p 6= q
+

=LT±��(1)9�gh�ÍÙ���l a(q)=.�Î�cd.
ordq n = a(q)�ros+

5 ���������

Y/cdå¡Ï��kl9# k[x]�að k��f$�Sb¤À¥
¦À�ÙäPWr�� 0¥ 1+»������C�xk�V�.A�$

25



(Q, +, ·)"T�$ (R, +, ·)O¡�$ (C, +, ·)+

kl9k[x]��¤À¥¦À�ø=�å�+�aøøD456°G+

(i) (k[x], +)#V�fëìí!�ïkl9 04�¤ÀÙäPW+

(ii) ¦À ·P.�_ô"ãKô�Û�kl9 14�¦ÀÙäPW+

(iii) ¦À ·�¤À+�róôV}+

�a� (k[x], +, ·)âh�#�¶�Ú��fË.¦ÀÙäPW�ãK
#�.ÂËPW (units)^��=.� ïÛ�kl9+

cdÂ:;kl9# k[x]bh�s eâh�#�¶�q�µ�l
�4�7�(h )��kV� (kl )9�+cd
�fkl9ah��f
kl9 b� ª.�fkl9 c~o

b = ac ;

�L¢n a|baNn+KL£
� a� bnà=..9 (remainder)+ aS
� b��f�9 (divisor)�� b^S� a��f�9 (multiple)+g +
x + 1 | x2 − 1, −x2 + x− 1 | x3 − 1���x2 + 1 - x3 + 1 (Ch� )+

¥h�sQt��rEs+� (9 )rEV·# (Î )� (9 )�¦
²�S�#4���ª (ä� )��#+kl9�ä� (degree)RÛ¨¢
ndeg a�aN�SbØA��sv�

deg ab = deg a + deg b , deg a = 0 ⇐⇒ a� ïÛ�kl9 +

��=f�tÐh�s� 11fwxsv/kl9<ÇÚ�V}�
U�sv 6b��±1�okVkl9<Ç�ÂËPW� ïÛ�kl
9���sv 9Ýsv 10���ª^k�kl9<Ç�ä�+
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v��Áî/kl9<ÇÚQ¾�U�S�vkl9OÕS�v
9 (irreducible polynomials)�è?CÂárE�kl9+�)¨�
�
�f Û�kl9 pSn�vkl9 ª q | p�Ñ q�Û�kl9O� p

�Û��+

�7³ÏÑÒ�cd:;«lj� (<Ò�j� leading coeffi-

cient)� 1�kl9�«�kl9 (monic polynomial)+� 
�kl
9

x2 + 7x− 11 Ý x4 − 3x2 + 9x− 19

��«�kl9. 7x2 − 11 Ý 3x4 + 9x− 19�C�+

� a ∈ k[x]æ� p�«�v9+^» a 6= 0��|/� �h�α~
o (�� pnä��ä�Ó�Ó� )

pα | a . pα+1 - a+

,f α4Sn� a/v9 p��� (the order of a at p),L¢n ordp aa
Nn+£¤]n�ordp a4� ph� a�ä�+» a = 0�^cd:;
ordp a = ∞+jèp�½�f3¥�

ordp a = 0 ⇐⇒ p - a+

ÓÔcd¦³§ÿ��s)kl9ÔxnÁÞwx:A�¾P+
«¬ðA|/s�¹r�e¶º,����ã�ÀTA��fÕÙ¨°
�5+5±g�o���WW�x,ÕÙ�s)zV�.µjè�X
����kl9�ä����ã�À+

��A 1� ¥¦ ïkl9�ÂLtVv9�¦²+
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jèp�è�fkl9�ÂLtVSÒ�j�â�f«�kl9
�¦²��v96a�½à�4lVSÒ�j�â�f«�v9�¦
²+_L8��xe�f«�v9°/�Ñ�cdÂLx�fkl9 f

tV f = pa1
1 pa2

2 · · · pam
m ,Sb pi�«�v9æ ai�8h�+cd�Ñ¨%

`�³Ï�³9�a�+ f = c
∏

p

pa(p) , að c� fnÒ�j���¦

²b� p��=.�«�v9+ä� a(p)X� �h��U���7.
Hkf«�v9õ�aä���ï+

�ÁÞwx:A (kl9Ôx )� �¥¦ ïkl9f|/�v9rE9

f = c
∏

p

pa(p) ,

að c� fnÒ�j���¦²b� p��=.�«�v9�Sä�{ f

=q�z:+T±��cd.a(p) = ordp f+

��A 2� »a, b ∈ k[x]�ædeg b > 0�^|/ q, r ∈ k[x]~o

a = qb + r , Sb deg r < deg b O r = 0+

�s)� ��ïkl9�ä�=.:;�=L�����cd��r
Vì^���ÐB+

(i) b | a: � q = a/b+^a = qb + r , r = 0�ros+

(ii) b - a: � r = a− qb�# a− ub, u ∈ k[x]�kl9bË.ØÎä
�í+cd��s)deg r < deg b+»¢�� r¥ bnØÆälr�
� rdx

d¥ bmxm+^

r − rdb
−1
m xd−mb = a− (q + rdb

−1
m xd−m)b
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�# a − ub, u ∈ k[x]�kl9�/Ë.� r2#�ä��®¯
Ú�ros+

�A 24�kl9<Ç���À�Ss)�´U�Ú¨p7���
��mTA+,<���ä���#����������ª��#+

�:;�»a1, · · · , an ∈ k[x]�:;kl9i_ (a1, · · · , an)�

(a1, · · · , an) = {a1u1 + · · ·+ anun | u1, · · · , un ∈ k[x]}+

� I = (a1, · · · , an)+ë��Ò�,fi_/¤À¥´Àn`�P.
¬­s�;<�¥¦ I<Ç�ìfPW�*Oµ«�2�<Ç�PW+
C� a�»x<Ç�PW¦�¥¦�kl9«�2�<Ç�PW+Ú
4�
�C¶ø�h��· ¦�O/ I<Ç�OC/ I<Ç��¸¦
� I<Ç�PW�4�ß¹º�V�<Ç��»�+/#B�Þß�,
4�=>�AM��a I�kl9#k[x]��fAM+

��A 3�»a, b ∈ k[x]�^|/d ∈ k[x]~o (a, b) = (d)+

�s)� » a = b = 0���¶4=��s��r9z a, bC{�ï�
�� (a, b) 6= {0}+� d ∈ (a, b)�Ubä�Ø#��fkl9+ë��
Ò�(d) ⊆ (a, b)�cd��s)�R³& (a, b) ⊆ (d)Ú�+
9zx ∈ (a, b)+�A 2	¶cd�|/ q, r ∈ k[x]~o

x = qd + r , Sb deg r < deg d O r = 0+

ë��Ò�r = x − qd ∈ (a, b)+» r 6= 0�^ r� (a, b)bä�� d2#
��fkl9�aX�®¯��a r = 0�q��ã¼+=Lop
x = qd ∈ (d), ros+

�:;��a, b ∈ k[x]+dS�a¥ b��fØÆy�9�»
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(i) d�a¥ b�y�9�

(ii) ¥¦S�a¥ b�y�9�h�d+

��jèp�:;b
���fØÆy�9+�p%.Üf'�
» c�½�f���cd4�:.

c | d æ d | c ,

�� deg c = deg d+rìfkl9�ØÆy�9�»|/�¥èìf�
�.Qe�ä��S)4µ�fÛ��+Sb�f«�ØÆy�9�R
Ûcd¨¢n gcd(a, b)�aN+

��A 4� �a, b ∈ Z+» (a, b) = (d)�^d�a¥ b��fØÆy�9+

�s)� (i)��a, b ∈ (a, b) = (d)�rd�a¥ b�y�9+
(ii)9z c� a¥ b�y�9+�a ch�¥¦ a¥ b�¢s[_��
d ∈ (d) = (a, b)4�a¥ b��f¢s[_�r c | d+

,4�ØÆy�9�|/s:A+/T�b�cdRÛ~¨Õå
Q�À��Á+

�:;� cd
kl9 a¥ b�:v��»S�.�y�9�. ï
Û��<kl9b�ÂËPW+KL£
�gcd(a, b) = 1+

�:AP� 9za | bc�æ gcd(a, b) = 1�^a | c+

�s)� � gcd(a, b) = 1�|/x, y ∈ k[x]~o

xa + yb = 1+
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ì�eþ¦� c�op
xac + ybc = c+

uv9za | bc�o°ah��9�h�è�l��a

a h��h = gh = c�

ros+

��B 1� » p�v9æ p | bc�^ p | bO p | c+

�s)� � p�v9�ro

gcd(p, b) = p O gcd(p, b) = 1+

�acd.

(i) gcd(p, b) = p+ � gcd(p, b) | b =⇒ p | b ,

(ii) gcd(p, b) = 1+ :AP =⇒ p | c ;

ros+

»x�B 1tVSRË�é�^.

��B 1′� » p�v9�� p - b æ p - c�^ p - bc+

��B 2� 9z p�«�v9�æa, b ∈ k[x]+^

ordp ab = ordp a + ordp b+

�s)� � α = ordp aæ� β = ordp b+^

a = pαa′ æ b = pβb′ ; Sb p - a′ æ p - b′+
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�acd.
ab = pα+βa′b′ , Sb p - a′b′ (�B 1′) ;

=Los
ordp ab = α + β+

�a�Ìÿ¾�zV�Æpq�rEsns)+

�kl9Ôx�ÁÞwx:Ans)� �A 156s)��¥¦ ï
kl9 f|/�v�rE9 f = c

∏
p pa(p)+ì�eþ\ ordq�~~¨�

B 2�cd.
ordq n = ordq(c) +

∑
p

a(p)ordq(p)+ (2)

uv ordqn:;�cd.

ordq(c) = 0 æ ordq(p) =

{
1 » p = q

0 » p 6= q
+

=LT±��(2)9�gh�ÍÙ���la(q)=.�Î�cd.

ordq f = a(q) ,

ros+

6 ����������

�z7h�#¥kl9#�q�rEsà�ø�:�Ö×,n)
|/Ô aØ��Qïs+���,Ùà�¢ÚÛÔÂ�¶�æç��
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��~o3Y/ø³��h�#¥kl9#��C��<Çìf�Ü�
g��5'�

ÜoÈ '�CK�Y��A 2=Ý���svÂ
�QU�t
u��/�A 3b���ÞoßàÔÑ+���S).�#�Áî�/
Zb��D���ª ( �h� )��/ k[x]b^�kl9�ä� (Ú�
 �h� )�,Y�7�msÂL�Yáâãk����äå�ÚV4
7Ø#PW/�Ø�y�� (ØÆy�9 )��Û+}�����fi
_/´À¥�� (9 )n`.¬­s���Ø#PWæy�l�V�,
fi_�eVPW�Ú4�
�=.�PW��Ø#PW��� (9 )+

	T�����
��A 2X��ÁØ�y��"ØÆy�9RÁ
À�wç��4�=>�ÕåQ�À�ÚS��w�üRÁÀ+�an
r��A 2.-�Ú7�S��w�üRÁÀ (Euclid’s algorithm)+��
�º��d47Pÿ.�A2sv�h� (integral domain)S��w�ü
�ÕS��Uh�+�)¨�
�cd. `�:;+

�:;� �f�Uh� (Euclidean domain)4��fh�R�S ïP
W�:;.�©�σèp �h���~o�¥è a, b ∈ R , b 6= 0|/
q, r ∈ R��

a = qb + r Sb σ(r) < σ(b) O r = 0+

�7h�#Ýkl9#��Uh�õ�2.Æ�h�#Z[
√−1]Ý

��Ãp�¡��iZ[
√−2]Ú��Uh�+

�gI 1� Æ�h�#Z[
√−1]��f�Uh�+
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�s)� ë��Ò�Z[
√−1] ⊆ C��fh�+:;©�

σ(α + β
√−1) = α2 + β2, α + β

√−1 ∈ Z[
√−1]+

�a, b 6= 0�¥è�Æ�h�+xa�L bop

u = a/b = s + t
√−1, s, t ∈ Q+

�\h� ξ, ζ~o

|s− ξ| ≤ 1

2
æ |t− ζ| ≤ 1

2
+

� q = ξ + ζ
√−1 , ^

σ(a/b− q) = (s− ξ)2 + (t− ζ)2 ≤ 1

4
+

1

4
=

1

2
+

� r = a− qb�^ r ∈ Z[
√−1]æa = qb + r ;Sb r = 0O

σ(r) = σ(b(a/b− q)) = σ(b)σ(a/b− q) ≤ 1

2
σ(b) < σ(b)+

rosÆ�h�#Z[
√−1]��f�Uh�+

�gI 2� ¡��iR = Z[
√−2]Ú��f�Uh�+

�s)�  �ë��Ò�R ⊆ C��fh�+:;©�

σ(α + β
√−2) = α2 + 2β2, α + β

√−2 ∈ R+

�a, b 6= 0�Rb¥è�PW+xa�L bop

u = a/b = s + t
√−2, s, t ∈ Q+

�\h� ξ, ζ~o |s− ξ| ≤ 1
2
æ |t− ζ| ≤ 1

2
+
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� q = ξ + ζ
√−2�^

σ(a/b− q) = (s− ξ)2 + 2(t− ζ)2 ≤ 1

4
+ 2 · 1

4
=

3

4
+

� r = a− qb�^ r ∈ Ræa = qb + r ;Sb r = 0O

σ(r) = σ(b(a/b− q)) = σ(b)σ(a/b− q) ≤ 3

4
σ(b) < σ(b)+

rosR��f�Uh�+

�:;� �f# (R, +, ·)� (�i ISn�AM�»

(i) a, b ∈ I =⇒ a− b ∈ I

(ii) a ∈ I, r ∈ R =⇒ ra ∈ I, ar ∈ I

�:AED� » I��Uh�Rb��fAM�^|/�PWa ∈ R~o

I = Ra = {ra | r ∈ R}+

�s)� » I = 0���¶4=��s��r9z I 6= 0+� a ∈ I�
UbσªØ#��fPW+ë��Ò�Ra ⊆ I�cd��s)�R³&
I ⊆ RaÚ�+

9zx ∈ I+�R��Uh��r|/ q, r ∈ R~o

x = qa + r , Sb σ(r) < σ(a) O r = 0+

ë��Ò�r = x− qa ∈ I+» r 6= 0�^ r� Ibσª�anσª2#��
fPW�aX�®¯��a r = 0�q��ã¼+=Lopx = qa ∈ Ra,

ros+
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°±��cdxRatV (a)�e¶º�(a1, · · · , an)aN

Ra1 + · · ·+ Ran = {r1a1 + · · ·+ rnan | ri ∈ R, i = 1, · · · , n}+

ë��Ò�»R��ãK#�^ (a1, · · · , an)�Rb��fAM+» I

�#Rb��fAMæ I = (a1, · · · , an)���cd4
 I�.HeV
(finitely generated)��fAM�Un = 1þ�^S I�Rb��f�AM
(principal ideal)+

�:;� cdSéh� (R, +, ·)��f�AM� (principal ideal do-

main,êtPID)�»Rb�è�fAM���AM+

=L:AED
��Uh���PID���h�#�kl9#�Æ
�h�#Ý (Z[

√−2], +, ·)��PID+�w�Uh��Áî�QU.¨
����/T����s)¿-#�PID���cd¬ë)a#���
Uh���àáG�:AEDopPID��B+

%`cdxh�s�Áî�ìpË.¦ÀÙäPW 1�PIDUb�
�àÐBq�rEs�$I�U�,-ÁîÂ/�D�#Ub�ÐB�
.�C�cd=��+�a	Y/���cd3W�()4íH/Ë.
¦ÀÙäPW 1�PID<Ç+

�R�Ë.¦ÀÙäPW 1�PID+¬:;âh�sQt�Þß `+

• cd
R<Ç��fPWa 6= 0h��fPW b ∈ R�»|/½�f
PW c ∈ R~o b = ac ;�L¢na|baNn+

• �fPW u ∈ RSn�ÂËPW (unit)�» uh�R<Ç�¦ÀÙ
äPW 1+
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• ìfPWa, b ∈ RSn�îï (associate)�»|/�ÂËPWu~o
a = bu+

• �fPW p ∈ RS�CÂX� (irreducible)�» a | p^ a�ÂËPW
O� p�îï+

• �fCÂËPW p ∈ RS�v� (prime)�» p 6= 0æ

p | ab =⇒ p | a O p | b+

CÂXPW (irreducible elements)âvPW (prime elements)�ðr���
=.����/h�#¥kl9#b�,ìfÁî�_����+/�
�:;v� (9 )þ�=Ñ¨�X�CÂX�Áî��vs�Áî�^
ñë/�B 2<�+�cd�]�STÚCµ� aðr���/PID

b�,ìfÁîÚ�_�����cdm�`4�s)+

���-Áî�ÂåKV ‘AM ’�Þß `+

• a | b ⇐⇒ (b) ⊆ (a)+

• u ∈ R�ÂËPW ⇐⇒ (u) = R+

• a, b ∈ R�îï ⇐⇒ (a) = (b)+

• p ∈ R�CÂX��» (p) ⊆ (a)^ (a) = RO (a) = (p)+

• p ∈ R�v��»æq»ab ∈ (p) =⇒ a ∈ (p)O b ∈ (p)+

�:;� �a, b ∈ R+dSn�a¥ b��fØ�y���»

(i) d | a æ d | b�
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(ii) d′ | a æ d′ | b =⇒ d′ | d+

��jèp`�ìýÃ�+

(i) :;b
���fØ�y��+�p%.Üf'�» c�½�f�
��cd4�:. c | d æ d | c ,�� c¥ d�îï�;<�|/�
ÂËPWu~o c = ud+�aØ�y���f�4�SÂËPW�
f�+

(ii) ìfPW�Ø�y��CÒo�:�|/����PID�
�c
d.`��:A+

�:A� �R��fP.ÙäPW1�PIDæ�a, b ∈ R+^a¥ b.�
fØ�y��d��æ (a, b) = (d)+

�s)� É\{ a, b=eV�AM (a, b) = Ra + Rb+��R��f
PID�=L.�PWd~o

(a, b) = (d)+

(i) a ∈ (a, b) = (d) =⇒ d | aæ a ∈ (a, b) = (d) =⇒ d | b�

(ii) d′ | aæ d′ | b =⇒ (a) ⊆ (d′)æ (b) ⊆ (d′)

=⇒ (d) = (a, b) ⊆ (d′)

=⇒ d′ | d+

rosd�a¥ b��fØ�y��+
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�:;� cd
RbìfPW a¥ b�:v��»S�.�y���
ÂËPW+KL£
�(a, b) = R+

��B 1�»R�� PIDæ p�CÂX� (irreducible)�^ p�vPW
(prime element)+

�s)� 9z p | ab+�é:Aò?cdÉ\ a¥ p�Ø�y��+�
p�CÂX��r�.����ÂËPWO p�îï�=L. (a, p) = R

O (a, p) = (p)ì^��µ�ÐB+

(i) (a, p) = (p)+ ë��Ò (a) ⊆ (a, p) = (p) =⇒ p | a+

(ii) (a, p) = R+ a^��cdop (ab, pb) = (b)+9z	¶cd
p | ab ⇐⇒ ab ∈ (p)æ pb ∈ (p)���o°

(b) = (ab, pb) ⊆ (p) =⇒ p | b+

=Lcd56s)7

p | ab =⇒ p | a O p | b ,

ros� p�vPW+

�$I� R��
�» p�vPW� p�¢CÂX'�KL£
��
B 1�Ë�é�¢V}�

�7Æ*,f$I�cdo��+U p�vPW�þ%�PW p.
�-��'�9z a� p��f�����4|/ b~o p = ab��a
p | ab�. p�vPW�Ñ p | aO p | b+

(i) p | a+ 9z�a | p�ro°a� p�îï+
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(ii) p | b+ |/ c~o b = pc+. p = ab�ro

p = ab = a(pc) = p(ac) =⇒ p(ac− 1) = 0
R!eò
=====⇒ ac = 1 ;

��a�ÂËPW+

=Lcd56s)7� p���<Ç�C� p�îï�4�ÂËPW+
ros� p�CÂX� (irreducible)+

�a�/�fË.¦ÀÙäPW 1�PID<Ç�CÂXPWâvP
W,ìfÁî�_���"CrFa�+cd7,fsvS�PID�w
xsv��é `+

�PID�wxsv�»R��Ë.¦ÀÙäPW 1�PID�^

p�CÂX (irreducible)PW⇐⇒ p�v (prime)PW+

ÓÔ�cd�¦³§ÿ�s)PIDÔx�ÁÞwx:A+«¬U�
oðA|/s�¹r�,�ä�mTAO��ã�ÀTAux~C�
â����fË.¦ÀÙäPW 1�PIDâ���O �h�uxóC
�¥¦�tj+

ø»�x�fPWrE"árE� pC�árE�>�$I/
,rE��´�C�&o`�'� ª&C`��£���òCÂXP
W|/¥¢��f$I�����:;��CÂXPW4��C�ár
E�PW+ô�nr�cdoÆÇ���h�#¥kl9#���rE
�� (9 )�þ%�Â�f&`��'�

/h����rEnà��l#7�,�#?����ª��#�
rE�ä4õ�ä�Hkõp 14��&>+/kl9���rEnà
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kl9�ä�l#7�Hkõp 04��&>+h�<Ç��ª� 1�
4�.±1��kl9<Çä��0�4� ïÛ�kl9�,-PWr
��h�Ýkl9<Ç�ÂËPW+=L�/,ìf#<Ç�PW��
.�#�Áî�Â�rE�µv�õpØ#4�ÂËPW�Ø#n��
�fPWU�4.Â��CÂXPW+

���cdY/¾���=����fË.¦ÀÙäPW 1�PID

�5�U�4=������ö+,ÂÂ�='��³�cdU��÷
¨PID�.������è�fAM�#���f�AM�#�;<�
è�fAM�#��Sb¿�fPW���+½�³��øÂ2	o
����xìfPWn)�h�tjåOVìf�AM�#n)���
tj�;<�a | b ⇐⇒ (b) ⊆ (a)+�anr�h�s4âPID�.��
���ø�X7+��AM�#n)���tj4lVSeVPWn)
��#tj��AM�#ù�SeVPWù#+�a�rEpØà��
fØ#PW�U�4��fÂËPW��aþS�§��AM�#4�
ø=�p�,fPIDxy+

Y/�cd�s)/�fË.¦ÀÙäPW 1�PIDb� ïCÂ
ËPW��CÂXPW�¦²+,fs)ÂrVìf³ú+

(i) «¬s)è�f ïCÂËPWa�|/.CÂX����

(ii) �àás)a4�,-CÂX���¦²+

,ìf³úUb�cd��¨p%`��&`�TA�+��&`��
=LCÂX��|/���&`��=L¦²b���.HkfCÂX
���+Í��CÂ]û
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�&`�TA� �R��Ë.¦ÀÙäPW 1�PIDæ�

(a1) ⊆ (a2) ⊆ (a3) ⊆ · · ·

��&�üý��AMþ+^|/�8h�n~o

(an) = (an+m) ∀m = 0, 1, 2, · · · +

KL£
�aþ/.H³nà4&`�+

�s)� � I =
∞⋃
i=1

(ai)+ë��Ò� I��AM�Rb��fAM+

r|/a ∈ R~o I = (a)+.

a ∈
∞⋃
i=1

(ai) =⇒ a ∈ (an) �¿�fn ,

�acd. I = (a) ⊆ (an) ; V (an) ⊆
∞⋃
i=1

(ai) = I, ros

I = (an) = (an+1) = · · · +

��A 1� �R��Ë.¦ÀÙäPW 1�PID+^è�f ïCÂË
PW��CÂXPW�¦²+

�s)� � a ∈ R� ïCÂËPW+

(i) «¬s) a|/.CÂX���+» a�CÂX��^os�¢^
a = a1b1�Sb a1Ý b1ÿ�CÂËPW+» a1�CÂX��^o
s�¢^ a1 = a2b2�Sb a2Ý b2ÿ�CÂËPW+» a2�CÂX
��^os�¢^¼½ �nBs+ë��Ò�cd.

(a) ⊆ (a1) ⊆ (a2) ⊆ · · · +

&`�TA	¶cd�aþ�P+r|/¿fn�an�CÂX�+
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(ii) Säs) a�CÂXPW�¦²+» a�CÂX��^os�¢^
� p1�SCÂXn����a a = p1c1+» c1�ÂËPW�^o
s�¢^� p2�SCÂXn����a a = p1p2c2+» c2�ÂËP
W�^os�¢^¼½ �nBs+ë��Ò�cd.

(a) ⊆ (c1) ⊆ (c2) ⊆ · · · +

&`�TA	¶cd�aþ�P+r|/¿fn� cn�ÂËPWæ
a = p1p2 · · · pncn ; V pncn ,�CÂX��ros+

á��cd:; ïPW a/CÂXPW p����`��A 2b
��fq��8h�n ,L¢n ordp aaNn+

��A 2� �R��Ë.¦ÀÙäPW 1�PIDæ� p ∈ R�CÂXP
WÝa 6= 0+^|/�8h�n~o

pn | a. pn+1 - a+

�s)� »¢�^�è�f8h�m4|/�PW bm ∈ R~o
a = pmbm+�a pbm+1 = bm+ë��Ò�cd.ùH&�üý��AM
þ

(b1) ⊆ (b2) ⊆ (b3) ⊆ · · · ;

,¥&`�TAÙG���ros+

��A 3� » p ∈ R��fv (=CÂX )PWæ a, b ∈ R� ï}PW+
^

ordp ab = ordp a + ordp b +
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�s)� � α = ordp aæ� β = ordp b+^

a = pαa′ æ b = pβb′ ; Sb p - a′ æ p - b′+

�acd.

ab = pα+βa′b′ , Sb p - a′b′ (vPW:; ) ;

=L ordp ab = α + β , ros+

�a�Ìÿ¾�Ü�zV�%`¬�éq�rEs��às)n+
�S�RbPÿ`f}sv�vPWi+
(i)è�fRb�vPWâSb¿fvPW�îï+
(ii) Sb¥èìfvPW�C�îï+

M�op,¶��vPWi�ÕÙ�3��µ	è�fîï8b�\�
fvPW�<Â[V+,����{�U� Û��./h�#Ýkl
9#/.Ô3S�����À+/h�#b�cd���8v���k
l9#b�cd^�«�vkl9+

�ÁÞwx:A (PIDÔx )� �R��Ë.¦ÀÙäPW1�PIDæ�
S� ��\�vPWi+^¥¦ ïPWa|/�vPWrE9

a = u
∏

p

pe(p) ,

aðu�ÂËPW��¦²b�p��=.SbvPW�ÂËPWuLÝ
ä� e(p){a=q�z:+T±��cd. e(p) = ordp a+

�s)� �A 156s)�¥¦ ïPWa|/�vPWrE9

a = u
∏

p

pe(p)+
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ì�eþ\ ordq�~~¨�A 3�cd.

ordq a = ordq(u) +
∑

p

e(p)ordq(p)+ (3)

uv ordqn:;�cd.

ordq(u) = 0 æ ordq(p) =

{
1 » p = q

0 » p 6= q
+

=LT±��(3)9�gh�ÍÙ���l e(q)=.�Î�cd.

ordq a = e(q) ,

ros+

7 �������� !"
�Pÿ.ÁÞwx:Ansv�h�4Sn�q�rEh�

(Unique Factorization DomainêtUFD)+D/�w�ü� �4ÚX
°G�h�#��fUFD�ÃT�.b�fxa�ª÷�)��t`
��ïÐompÆ��Ô��ÁÞ���17bÌ�Y+

��cd56s)7è�f PID���f UFD�Rn^¢+
/gI 1ÝgI 2b�cds)7}ä�$ (quadratic number fields)

Q(
√−1) Ý Q(

√−2)=�§�h�# (rings of integers)

Z[
√−1] Ý Z[

√−2]

17DG�º»I(Disquisitiones Arithmeticae)!õ�W$�W� ·ÀHõH. ·Q�à
1798�yz&'
WÖ�X�B 1801�Ù 24YZ[�ü�3�Ê\�]^yz3B
7
ÊCQ�e�_`6abcd�c�ýeøffgõhW$�BWÖY.&º»
¾J�ij:6klÙÈm&nozJ3
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��UFD+ª��Y���/ 1966 	�) (Stark, H.M.)zV7�f�
Bb
��Ez�$I��s)7}ä�$Q(

√
d)�Sb d < 0=�§

�h�#��fUFD�.U

d = −1,−2,−3,−7,−11, ,−19,−43,−67, Ý − 163

þ��æáÚ=.S��ª7+

/b�"}��cd56��7ìfÕÙ�§¨�r�¨p7h
�#LÝ (Z[

√−2], +, ·)�UFD�ÃT+%`cd�Ñ����kS�
q�rEs�§¨��J¨�s).ùHkfv�"vkl9�2.§
¨p�-ÁÞ©� (arithmetic functions)�+

�v�ùH:A (�Ü�ü )� /h�#Zb�|/.ùHkfv�+

�s)� »¢�^�|/.Hkf8v��
�

p1 , p2 , p3 , · · · , pn+

É\h�
N = p1 p2 p3 · · · pn + 1+

ë��Ò�N > 1�uvq�rEs�NÂtV

N = pa1
1 pa2

2 pa3
3 · · · pan

n +

��� pi - N ∀i = 1, 2, 3, · · · , n�cd.

ai = ordpi
N = 0 ∀i = 1, 2, 3, · · · , n ,

�aN = p0
1 p0

2 p0
3 · · · p0

n = 1+¥N > 1®¯�ros+
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/kl9# k[x]b�» k�ùH$���x−a (∀ a∈k)��vkl
9��a k[x]U�Ë.ùHkfC:�îï�vkl9+ ª k�.H
$����Ü�ü�Bs4o��ê� 
� a,Dºs) k[x]Ë.
ùHkfvkl9+

¥aQ�æªo�Y�½�f3¥��.�#�Ë.�fvPW�
��g `+� p ∈ Z��v�æ�

Z(p) =
{a

b
| a, b ∈ Z , p - b

}
+

^­¨ pnvs�CK��Z(p)#V�f#+,f#�Ë.�fvP
W��4� p��Ü�'�����,<Ç�ÂËPW��%¶�4Â
7�öö+×� !

(i) 9z a

b
∈ Z(p)��fÂËPW���4|/

c

d
∈ Z(p)~o

a

b
· c
d

= 1+
=L ac = bd���op p - a�,��� p - bLÝ p - d�á¤� pn
vs=Ñ+

(ii) R���» a

b
∈ Z(p)æ p - a���cdK�. b

a
∈ Z(p)æ

a

b
· b

a
= 1

�ros a

b
��fÂËPW+

=LZ(p)�ÂËPWi4�

Z×(p) =
{a

b
| a, b ∈ Z , p - a æ p - b

}
+
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